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Super linear algebras are built using 
super matrices. These new structures 
can be applied to all fields 
in which linear algebras are used. 
Super characteristic values exist 
only when the related 
super matrices are super square 
diagonal super matrices. 

Super diagonalization, analogous 
to diagonalization is obtained. 

These new structures can be 
applied to Computer Science, 
Markov chains, and Fuzzy models 
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PREFACE 



In this book, the authors introduce the notion of Super linear 
algebra and super vector spaces using the definition of super 
matrices defined by Horst (1963). This book expects the readers 
to be well- versed in linear algebra. 

Many theorems on super linear algebra and its properties 
are proved. Some theorems are left as exercises for the reader. 
These new class of super linear algebras which can be thought 
of as a set of linear algebras, following a stipulated condition, 
will find applications in several fields using computers. The 
authors feel that such a paradigm shift is essential in this 
computerized world. Some other structures ought to replace 
linear algebras which are over a century old. 

Super lineal - algebras that use super matrices can store data 
not only in a block but in multiple blocks so it is certainty more 
powerful than the usual matrices. 

This book has 3 chapters. Chapter one introduces the notion 
of super vector spaces and enumerates a number of properties. 
Chapter two defines the notion of super linear algebra, super 
inner product spaces and super bilinear forms. Several 
interesting properties are derived. The main application of these 
new structures in Markov chains and Leontief economic models 




are also given in this chapter. The final chapter suggests 161 
problems mainly to make the reader understand this new 
concept and apply them. 

The authors deeply acknowledge the unflinching support of 
Dr.K.Kandasamy, Meena and Kama. 



W.B.VASAIN1THA KANCftSAMY 
FLOREMT1N SMARANQACHE 




Chapter One 



Super Vector Spaces 



This chapter has four sections. In section one a brief 
introduction about supermatrices is given. Section two defines 
the notion of super vector spaces and gives their properties. 
Linear transformation of super vector is described in the third 
section. Final section deals with linear algebras. 

1.1 Supermatrices 



Though the study of super matrices started in the year 1963 by 
Paul Horst. His book on matrix algebra speaks about super 
matrices of different types and their applications to social 
problems. The general rectangular or square array of numbers 
such as 
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C = [3, 1, 0, -1, -2] and D = 
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are known as matrices. 

We shall call them as simple matrices [17]. By a simple 
matrix we mean a matrix each of whose elements are just an 
ordinary number or a letter that stands for a number. In other 
words, the elements of a simple matrix are scalars or scalar 
quantities. 

A supermatrix on the other hand is one whose elements are 
themselves matrices with elements that can be either scalars or 
other matrices. In general the kind of supermatrices we shall 
deal with in this book, the matrix elements which have any 
scalar for their elements. Suppose we have the four matrices; 



a n — 



2 -4 
0 1 



a 12 



0 40 

21 -12 





" 3 


-l" 




" 4 


12' 


a 21 — 


5 

-2 


7 

9 


and a 2 2 = 


-17 

3 


6 

11 



One can observe the change in notation ay denotes a matrix and 
not a scalar of a matrix (1 <hj<2). 

Let 



we can write out the matrix a in terms of the original matrix 
elements i.e., 



' 2 


-4 
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40 
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21 


-12 
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-1 
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12 
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-17 


6 


-2 


9 


3 


11 



Here the elements are divided vertically and horizontally by thin 
lines. If the lines were not used the matrix a would be read as a 
simple matrix. 




Thus far we have referred to the elements in a supermatrix 
as matrices as elements. It is perhaps more usual to call the 
elements of a supermatrix as submatrices. We speak of the 
submatrices within a supermatrix. Now we proceed on to define 
the order of a supermatrix. 

The order of a supermatrix is defined in the same way as 
that of a simple matrix. The height of a supermatrix is the 
number of rows of submatrices in it. The width of a supermatrix 
is the number of columns of submatrices in it. 

All submatrices with in a given row must have the same 
number of rows. Likewise all submatrices with in a given 
column must have the same number of columns. 

A diagrammatic representation is given by the following 
figure. 



In the first row of rectangles we have one row of a square 
for each rectangle; in the second row of rectangles we have four 
rows of squares for each rectangle and in the third row of 
rectangles we have two rows of squares for each rectangle. 
Similarly for the first column of rectangles three columns of 
squares for each rectangle. For the second column of rectangles 
we have two column of squares for each rectangle, and for the 
third column of rectangles we have five columns of squares for 
each rectangle. 

Thus we have for this supermatrix 3 rows and 3 columns. 

One thing should now be clear from the definition of a 
supermatrix. The super order of a supermatrix tells us nothing 
about the simple order of the matrix from which it was obtained 



9 











by partitioning. Furthermore, the order of supermatrix tells us 
nothing about the orders of the submatrices within that 
supermatrix. 

Now we illustrate the number of rows and columns of a 
supermatrix. 

Example 1.1.1: Let 
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a is a supermatrix with two rows and two columns. 

Now we proceed on to define the notion of partitioned matrices. 
It is always possible to construct a supermatrix from any simple 
matrix that is not a scalar quantity. 

The supermatrix can be constructed from a simple matrix 
this process of constructing supermatrix is called the 
partitioning. 

A simple matrix can be partitioned by dividing or separating 
the matrix between certain specified rows, or the procedure may 
be reversed. The division may be made first between rows and 
then between columns. 

We illustrate this by a simple example. 

Example 1.1.2: Let 

3 0 112 0 

1 0 0 3 5 2 

5 -1 6 7 8 4 

A = 

0 9 1 2 0 -1 

2 5 2 3 4 6 

16 12 3 9 

is a 6 x 6 simple matrix with real numbers as elements. 
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Now let us draw a thin line between the 2 nd and 3 rd columns. 

This gives us the matrix Aj. Actually A, may be regarded as 
a supermatrix with two matrix elements forming one row and 
two columns. 

Now consider 



A2 — 



3 0 112 0 

1 0 0 3 5 2 

5 -1 6 7 8 4 

0 9 1 2 0 -1 

2 5 2 3 4 6 

1 6 12 3 9 



Draw a thin line between the rows 4 and 5 which gives us the 
new matrix A 2 . A 2 is a supermatrix with two rows and one 
column. 

Now consider the matrix 
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0 
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-1 
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2 
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9 



A 3 is now a second order supermatrix with two rows and two 
columns. We can simply write A 3 as 
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where 



3 0 
1 0 
5 -] 
0 9 



1 1 

0 3 
6 7 

1 2 



2 0 
5 2 

8 4 ’ 

0 -1 



&21 — 



2 

1 



5 

6 



and a 2 2 



2 3 4 6 
1 2 3 9' 



The elements now are the submatrices defined as an, a 12 , a 2i and 
a 22 and therefore A ; is in terms of letters. 

According to the methods we have illustrated a simple 
matrix can be partitioned to obtain a supermatrix in any way 
that happens to suit our purposes. 

The natural order of a supermatrix is usually determined by 
the natural order of the corresponding simple matrix. Further 
more we are not usually concerned with natural order of the 
submatrices within a supermatrix. 

Now we proceed on to recall the notion of symmetric 
partition, for more information about these concepts please refer 
[17]. By a symmetric partitioning of a matrix we mean that the 
rows and columns are partitioned in exactly the same way. If the 
matrix is partitioned between the first and second column and 
between the third and fourth column, then to be symmetrically 
partitioning, it must also be partitioned between the first and 
second rows and third and fourth rows. According to this rule of 
symmetric partitioning only square simple matrix can be 
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symmetrically partitioned. We give an example of a 
symmetrically partitioned matrix a s , 

Example 1.1.3: Let 
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5~ 
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~2 
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5~ 


1 


1 


~5 



Here we see that the matrix has been partitioned between 
columns one and two and three and four. It has also been 
partitioned between rows one and two and rows three and four. 

Now we just recall from [17] the method of symmetric 
partitioning of a symmetric simple matrix. 

Example 1.1.4: Let us take a fourth order symmetric matrix and 
partition it between the second and third rows and also between 
the second and third columns. 
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3 
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4 


2~ 


1 


5 




7 


4 


2 


7 



We can represent this matrix as a supermatrix with letter 
elements. 



an = 



4 3 
3 6 



, an — 



2 

1 



7 

4 



so that 




1 

4 



and a 2 2 = 



5 

2 



2 

7 ’ 



13 





The diagonal elements of the supermatrix a are an and a 22 . We 
also observe the matrices an and a 22 are also symmetric 
matrices. 

The non diagonal elements of this supermatrix a are the 
matrices ai 2 and a 2 i. Clearly a 2! is the transpose of a !2 . 

The simple rule about the matrix element of a 
symmetrically partitioned symmetric simple matrix are (1) The 
diagonal submatrices of the supermatrix are all symmetric 
matrices. (2) The matrix elements below the diagonal are the 
transposes of the corresponding elements above the diagonal. 

The forth order supermatrix obtained from a symmetric 
partitioning of a symmetric simple matrix a is as follows. 

a il a i2 a i3 a i4 

a i2 a 22 a 23 a 24 

a = 

a i3 a 23 a 33 a 34 

_ a i4 a 24 a 34 a 44_ 

How to express that a symmetric matrix has been symmetrically 
partitioned (i) an and a‘n are equal, (ii) a‘y (i ^ j); a-j = a,, and 

a'j = a,j. Thus the general expression for a symmetrically 
partitioned symmetric matrix; 




If we want to indicate a symmetrically partitioned simple 
diagonal matrix we would write 
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D, 0 ... 0 

0' D, ... 0 

D = 

0' 0' ... D n 

O' only represents the order is reversed or transformed. We 
denote a' = af, just the ' means the transpose. 

D will be referred to as the super diagonal matrix. The 
identity matrix 

X 0 o' 

I = 0 1, 0 

0 0 l r 

s, t and r denote the number of rows and columns of the first 
second and third identity matrices respectively (zeros denote 
matrices with zero as all entries). 

Example 1.1.5: We just illustrate a general super diagonal 
matrix d; 
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0 
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10 



i.e., d = 





An example of a super diagonal matrix with vector elements is 
given, which can be useful in experimental designs. 
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Example 1.1.6: Let 
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1 



Here the diagonal elements are only column unit vectors. In 
case of supermatrix [17] has defined the notion of partial 
triangular matrix as a supermatrix. 



Example 1.1.7: Let 
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u is a partial upper triangular supermatrix. 


Example 1.1.8: Let 




~5 


0 


0 


0 


0 " 
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0 
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0 
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2 
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~5 
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L is partial upper triangular matrix partitioned as a supermatrix. 



Thus T = 




where T is the lower triangular submatrix, with 



T = 



5 

7 

1 

4 

1 



0 0 0 
2 0 0 
2 3 0 
5 6 7 
2 5 2 



0 

0 

0 

0 

6 



and a' 



1 2 3 4 5 
0 10 10 ' 



We proceed on to define the notion of supervectors i.e., Type 1 
column supervector. A simple vector is a vector each of whose 
elements is a scalar. It is nice to see the number of different 
types of supervectors given by [17]. 

Example 1.1.9: Let 



v = 



1 

3 

4. 

5 

7 



This is a type I i.e., type one column supervector. 



v = 



where each V; is a column subvectors of the column vector v. 
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Type I row supervector is given by the following example. 

Example 1.1.10: v 1 = [2 3 1 5 7 8 4] is a type I row 

supervector, i.e., v' = [v'i, v' 2 , ..., v' n ] where each v', is a row 
subvector; 1 < i < n. 

Next we recall the definition of type II supervectors. 

Type II column supervectors. 

Definition 1 . 1 . 1 : Let 




a 1 — [au ... aim] 

a 2 = [a 21 ... a 2 m ] 



1 

G n 





is defined to be the type II column supervector. 
Similarly if 




Hence now a = [a 1 a" ... a" 1 ],, is defined to be the type II row 
supervector. 
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Clearly 



r„l 2 m 7 

[a a ... a J n 

the equality of supermatrices. 

Example 1.1.11: Let 



a = 



A = 



3 6 
2 1 
1 1 
0 1 
2 0 



0 4 5 
6 3 0 

1 2 1 
0 1 0 
1 2 1 



be a simple matrix. Let a and b the supermatrix made from A. 
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where 





"3 


6 


0" 




"4 


5" 


an = 


2 


1 


6 


? an — 


3 


0 




1 


1 


1 




2 


1 



&21 — 



0 1 
2 0 



0 

1 



and a 2 2 = 



1 

2 



0 

1 



i.e., 



a 0 i 



19 




where 




We see that the corresponding scalar elements for matrix a and 
matrix b are identical. Thus two supermatrices are equal if and 
only if their corresponding simple forms are equal. 

Now we give examples of type III supervector for more 
refer [17]. 
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Example 1.1.12: 



and 





"3 
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7 


8" 


a = 
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2 


1 


6 


9 




0 


0 


5 


1 


2 



b = 



2 0 0 
9 4 0 
8 3 6 
5 2 9 
4 7 3 




are type III supervectors. 

One interesting and common example of a type III supervector 
is a prediction data matrix having both predictor and criterion 
attributes. 

The next interesting notion about supermatrix is its 
transpose. First we illustrate this by an example before we give 
the general case. 

Example 1.1.13: Let 
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0 
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1 


1 


1 


1 


0 


2 


2~ 


2 


0 


1 


~T 


5 


6 


1 


0 


i 


2~ 


0 


0 


0 


~4 


1 


0 


1 


1 


5 



3-01 



21 




where 



“2 1 3l [5 6" 

an = 0 2 0 , an = 1 1 , 

1 1 lj |_0 2 



a 21 







[ ! i e transpose of a 
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1 


2 


5 
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2 
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1 
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5~~ 
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0 


1 


0 


0 


~T 


6 


1 


2 


1 


1 


4 


5 



Let us consider the transposes of an, a^, a 2 i, a 2 2 , a 3 i and a 32 . 

"2 0 f 
a'n = a[j = 1 2 1 
3 0 1 
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a '31 — a 3i 



2 1 
0 0 
0 1 



a! 22 — a 22 — 



0 

1 



a> 32 ~ a U - 



1 

5 



a 



11 


a 21 


a 31 


t 

12 


a 22 


a 32 



Now we describe the general case. Let 



be a n x m supermatrix. The transpose of the supermatrix a 
denoted by 



a' is a m by n supermatrix obtained by taking the transpose of 
each element i.e., the submatrices of a. 
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Now we will find the transpose of a symmetrically partitioned 
symmetric simple matrix. Let a be the symmetrically partitioned 
symmetric simple matrix. 

Let a be a m x m symmetric supermatrix i.e., 



the transpose of the supermatrix is given by a' 

"a;, (a; 2 y - ( a ; m y 

a i2 a 22 ( a 2m) 

a = . 

_ a im a 2m •" a Lm 

The diagonal matrix an are symmetric matrices so are unaltered 
by transposition. Hence 

a 1 1 a l U a 22 a 22? • • • s a mm a mm* 

Recall also the transpose of a transpose is the original matrix. 
Therefore 

( a 'l2)' = a 12? ( a 'l3)' = a 13) •••) ( a 'ij)' = a ij- 

Thus the transpose of supermatrix constructed by 

symmetrically partitioned symmetric simple matrix a of a' is 
given by 



hi 


a i2 


•• a im 


t 

l 21 


a 22 


•' a 2m 


f 

im 


a 2m 


^ mm 
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Thus a = a'. 

Similarly transpose of a symmetrically partitioned diagonal 
matrix is simply the original diagonal supermatrix itself; 



i.e., if 



d i 



D = 



d; 



D' = 



d' 



d' 



d'i = di, dS = d 2 etc. Thus D = D'. 

Now we see the transpose of a type I supervector. 

Example 1.1.14: Let 



V = 



3 
1 
2 

4 

5 
7 
5 
1 



The transpose of V denoted by V' or V* is 

V’ = [3 1 2 | 4 5 7 | 5 1], 
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If 



where 



V = 



Vi 

v 2 

V 3 



“3“ 




4 






1 


, v 2 = 


5 


and v 3 = 


“5" 

1 


2 




7 





V' = [v 1 ! V 2 V 3 ]. 



Thus if 



v. 




then 



v 



n 



V' = [v'l v' 2 ... v' n ]. 



Example 1.1.15: Let 





“3 
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1 


5 


2" 


t = 


4 


2 


0 


1 


3 


5 




1 


0 


1 


0 


1 


6 



= [T | a ]. The transpose of t 



i.e., t' = 



3 4 1 
0 2 0 
1 0 1 
1 1 0 
5 3 1 
2 5 6 



T' 

a' 
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The addition of supermatrices may not be always be defined. 



Example 1.1.16: For instance let 



and 



where 



a il a i2 

a 21 a 22 




a ll 



3 0 
1 2 ’ 



a 12 - 



1 

7 



a 2 i = [4 3], a 22 = [6] . 

bn = [2], b 12 = [1 3] 



b 2 i — 



5 

2 



and b 22 - 



4 1 
0 2 



It is clear both a and b are second order square supermatrices 
but here we cannot add together the corresponding matrix 
elements of a and b because the submatrices do not have the 
same order. 



1. 2 Super Vector Spaces and their properties 

This section for the first time introduces systematically the 
notion of super vector spaces and analyze the special properties 
associated with them. Throughout this book F will denote a 
field in general. R the field of reals, Q the field of rationals and 
Z p the field of integers modulo p, pa prime. These fields all are 
real; whereas C will denote the field of complex numbers. 
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We recall X = (xi x 2 | x 3 x 4 x 5 | x 6 ) is a super row vector 
where x ; g F; F a field; 1 < i < 6. Suppose Y = (yi y 2 1 y 3 y 4 y 5 
y6) with y ; g F; 1 < i < 6 we say X and Y are super vectors of 
the same type. Further if Z = (z, z 2 z 3 z 4 | z 5 z 6 ) Z; g F; 1 < i < 6 
then we don’t say Z to be a super vector of same type as X or Y. 
Further same type super vectors X and Y over the same field are 
equal if and only if Xj = y ; for i = 1, 2, 6. Super vectors of 

same type can be added the resultant is once again a super 
vector of the same type. The first important result about the 
super vectors of same type is the following theorem. 

THEOREM 1.2.1: This collection of all super vectors S = {X = 
(xi x 2 ... x r | x r +i ... Xi | x i+I ... x t+I \ x ,+2 ... xj | Xj € F}; Fa field , 
1 <i <n. {1 < 2 < ... < r < r + 1 < ... < i < i+l< ...< t+1 < 
...< n} of this type is an abelian group under component wise 
addition. 

Proof: Let 

X = (Xi X 2 ... X r | X r+1 . . . Xj | x i+1 . . . x, . j | x t + 2 . . . x n ) 

and 

Y = (y i y 2 ... y r | y r+ i . . . y i | yi+i ■ ■ • y t +i| y t + 2 . . . y n ) eS. 

X + Y = {(Xi + yi x 2 + y 2 . . . x r + y r | Xr+i + y r+ i . . . x s + y ; | x i+ i 
+ y i+ i . . . x t+1 + y, +1 | x t + 2 + y t+2 . . . x n + y n )} 



is again a super vector of the same type and is in S as x ; + y ; g 
F; 1 < i < n. 

Clearly (0 0 ... 0| 0 ... 0 |0 ... 0 |0 ...0) g S as 0 g F. 

Now if 

X = (Xi X 2 . . . X r | X r+1 ... X! | Xi +1 . . . X t +i| Xt+ 2 . . . x n ) G S 

then 

-X = (-Xi — X 2 . . . — X r | -x r+1 . . . -Xj | — Xj+i . . . -x t+1 1 -Xt +2 . . . — X n ) G 

S with 

X +(-X) = (-X) + X = (0 0 ... 0|0 ... 0 I 0 ... 0|0 ...0) 
Also X + Y = Y + X. 

Hence S is an abelian group under addition. 
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We first illustrate this situation by some simple examples. 

Example 1.2.1: Let Q be the field of rationals. Let S = {(xi x 2 x 3 
x 4 x 5 ) | Xi, x 5 g Q}. Clearly S is an abelian group under 
component wise addition of super vectors of S. Take any two 
super vectors say X = (3 2 1 | -5 3) and Y = (0 2 4 | 1 -2) in S. 

We see X + Y = (3 4 5 | - 4 1) and X + Y e S. Also (00 0 0 
| 0 0) acts as the super row zero vector which can also be called 
as super identity or super row zero vector. Further if X = (5 7 - 
3| 0-1) then -X = (-5 —7 3| 0 1) is the inverse of X and we see 
X + (— X) = (0 0 0 | 0 0). Thus S is an abelian group under 
componentwise addition of super vectors. 

If X' = (3 1 1 4 | 5 6 2) is any super vector. Clearly X' g S, 
given in example 1.2.1 as X' is not the same type of super 
vector, as X' is different from X = (x, x 2 x 3 | x 4 x 5 ). 

Example 1.2.2: Consider the set S = {(xi | x 2 x 3 | x 4 x 5 ) | x f g Q; 
1 < i < 5}. S is an additive abelian group. We call such groups 
as matrix partition groups. 

Every matrix partition group is a group. But every group in 
general is not a partition group we also call the matrix partition 
group or super matrix group or super special group. 



Example 1.2.3: Let S = {(xi x 2 x 3 ) | x; e Q; 1 < i < 3}. S is a 
group under component wise addition of row vectors but S is 
not a matrix partition group only a group. 



Example 1.2.4: Let 



IY 



P = 



IV 



X 1 


X 5 


X 6" 


x 2 


X 2 


X 8 


X 3 


X 9 


X 10 


X 4 


X I1 


X 12y 



| X; g Q; i= 1, 2, ..., 12}. 
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Clearly P is a group under matrix addition, which we choose to 
call as partition matrix addition. P is a partition abelian group or 
we call them as super groups. Now we proceed on to define 
super vector space. 

DEFINITION 1.2.1: Let V be an abelian super group i.e. an 
abelian partitioned group under addition, F be a field. We call 
V a super vector space over F if the following conditions are 
satisfied 

(i) for all v £ V and c g F, vc and cv are in V. Further 
vc = cv we write first the field element as they are 
termed as scalars over which the vector space is 
defined. 

(ii) for all Vi, V 2 g V and for all c g F we have c(vi + 
Vj) = CVj + cv 2 . 

(Hi) also (vi + v 2 ) c = vjc + v 2 c. 

(iv) for a, b g F and v 2 g V we have (a + b) v; = av t + 

bvj also v i (a + b) = v 2 a + vfi. 

(v) for even > v g V and 1 g F, l.v = v.l = v 

(vi) (cj c 2 ) v = Ci (c 2 v) for all v g V and Ci, c 2 g F. 

The elements of V are called “super vectors ” and elements of F 
are called “scalars”. 

We shall illustrate this by the following examples. 

Example 1.2.5: Let V = {(xi x 2 x 3 | x 4 ) | X[ e R; 1 < i < 4, the 
field of reals}. V is an abelian super group under addition. Q be 
the field of rationals V is a super vector space over Q. For if 10 

g Qandv = (V2 5 1 | 3) e V; 10v = (10V2 50 10 | 30) e V. 

Example 1.2.6: Let V = {(xi x 2 x 3 | x 4 ) | x; e R, the field of reals 

1 < i < 4}. V is a super vector space over R. We see there is 
difference between the super vector spaces mentioned in the 
example 1.2.5 and here. 

We can also have other examples. 
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Example 1.2.7: Let 



V = 



y 2 

vy 3 y 



yp y 2 >y 3 G Q 



Clearly V is a super group under addition and is an abelian 
super group. Take Q the field of rationals. V is a super vector 
space over Q. Take 5 e Q, 



v = 



f-f 

2 



in V. 



5v = 



f _5 l 

10 



e V. 



As in case of vector space which depends on the field over 
which it has to be defined so also are super vector space. 

The following example makes this more explicit. 

Example 1.2.8: Let 



V = 



y 2 

iy 3 



y,, y 2 ,y 3 e Q ; the field of rational}; 



V is an abelian super group under addition. V is a super vector 
space over Q; but V is not a super vector space over the field of 
reals R. For -Jl e R; 
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V = 



f 5 l 

1 



e V. 



v-v 





f 5 ^ 




^5 VT 


11 

> 


1 


= 






v3J 




3V2 

V y 



as 5 V2 , V2 and 3 \[l £ Q. So V is not a super vector space 
over R. 

We can also have V as a super n-tuple space. 

Example 1.2.9: Let V = {F n ‘ | . . . | F n ‘ } where F is a field. V is a 
super abelian group under addition so V is a super vector space 
over F. 

Example 1.2.10: Let V = {(Q 3 1 Q 3 1 Q 2 ) = {(xi x 2 x 3 | yi y 2 y 3 | z\ 
z 2 ) | X;, y k , Zj g Q; 1 < i < 3; 1 < k < 3; 1 < j < 2}. V is a super 
vector space over Q. Clearly V is not a super vector space over 
the field of reals R. 



Now as we have matrices to be vector spaces likewise we have 
super matrices are super vector spaces. 



Example 1.2.11: Let 



x i 


X 2 


X 9 


X 10 


X ll^ 


x 3 


X 4 


X 12 


X 13 


X 14 


X 5 


X 6 


X 15 


X 16 


X 17 


X 7 


X 8 


X 18 


X 19 


X 20 y 



x ; gQ; l<i<20 > 



be the collection of super matrices with entries from Q. A is a 
super vector space over Q. 
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Example 1.2.12: Let 



V = 




Xj gR; l<i<10 



V is a super vector space over Q. 

Example 1.2.13: Let 



If X 1 X 7 X 4 


X 4 




I 


11 Id 

[l x 3 X 4 X 8 


o 

X 9 


x ioJ 


X; eR; l<i<10j 



V is a super vector space over R. V is also a super vector space 
over Q. However soon we shall be proving that these two super 
vector spaces are different. 

Example 1.2.14: Let 

a i a 2 a 5 a 6 
3 - 4 3^ cig 

a 9 a i0 a i3 a i4 
a il a i2 a i5 a i6 





V is a super vector space over Q. However V is not a super 
vector space over R. 

We call the elements of the super vector space V to be super 
vectors and elements of F to be just scalars. 

DEFINITION 1.2.2: Let V be a super vector space over the field 
F. A super vector fi in V is said be a linear combination of super 
vectors aj, ..., a„ in V provided there exists scalars c/, ..., c„ in 

n 

F such that fi= aai + ... + c„ a„ = . 

i=i 
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We illustrate this by the following example. 

Example 1.2.15: Let V = {(ai a 2 | a 3 a 4 a 5 | a 6 )| a; e Q; 1 < i < 
6}. V is a super vector space over Q. Consider P = (7 5 | 0 2 8 
9) a super vector in V. Let oti = (1 1 | 2 0 1 | -1), a 2 = (5 -3 | 1 2 
5 | 5) and a 3 = (0 7 | 3 1 2 | 8) be 3 super vectors in V. We can 
find a, b, c in Q such that aaj + ba 2 + ca 3 = p. 

Example 1.2.16: Let 



A = 









a 


c 




v b 


d J 



a, b, c, d e Q 



A is a super vector space over Q. 
Let 



We have for 



P 



"12 


5 1 




“I 



"2 


1 ^ 




(4 


n 


vl 


-h 


9 | 


v4 


3, 



such that for scalars 4, 1 e Q we have 





"2 


1 ^ 




"4 


n 


4 


vl 


-b 


+ ! 


v4 


3y 



"8 


4 ^ 




"4 


n 






+ 






v4 


-4, 




v4 


3y 



"12 


5 1 




-l 



Now we proceed onto define the notion of super subspace of a 
super vector space V over the field F. 
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DEFINITION 1.2.3: Let V be a super vector space over the field 
F. A proper subset W of V is said to be super subspace ofVifW 
itself is a super vector space over F with the operations of super 
vector addition and scalar multiplication on V. 

THEOREM 1.2.2: A non-empty subset W of V, V a super vector 
space over the field F is a super subspace of V if and only if for 
each pair of super vectors a, (i in W and each scalar c in F the 
super vector ca + f> is again in W. 

Proof: Suppose that W is a non empty subset of V; where V is a 
super vector space over the field F. Suppose that ca + p belongs 
to W for all super vectors a, p in W and for all scalars c in F. 
Since W is non-empty there is a super vector p in W and hence 
(-l)p + p = 0 is in W. Thus if a is any super vector in W and c 
any scalar, the super vector ca = ca + 0 is in W. In particular, (- 
1) a = -a is in W. Finally if a and p are in W then a + P = 1 . a + 
P is in W. Thus W is a super subspace of V. 

Conversely if W is a super subspace of V, a and p are in W and 
c is a scalar certainly ca + p is in W. 

Note: If V is any super vector space; the subset consisting of the 
zero super vector alone is a super subspace of V called the zero 
super subspace of V. 

THEOREM 1.2.3: Let V be a super vector space over the field F. 
The intersection of any collection of super subspaces of V is a 
super subspace of V. 

Proof: Let {W a } be the collection of super subspaces of V and 
let W = P| W a be the intersection. Recall that W is defined as 

a 

the set of all elements belonging to every W a (For if x e W = 
P|W a then x belongs to every W a ). Since each W H is a super 

subspace each contains the zero super vector. Thus the zero 
super vector is in the intersection W and W is non empty. Let a 
and p be super vectors in W and c be any scalar. By definition 
of W both a and p belong to each W a and because each W H is a 
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super subspace, the super vector ca + p is in every W a . Thus ca 
+ P is again in W. By the theorem just proved; W is a super 
subspace of V. 

DEFINITION 1.2.4: Let S be a set of super vectors in a super 
vector space V. The super subspace spanned by S is defined to 
be the intersection W of all super subspaces of V which contain 
S. When S is a finite set of super vectors, that is S = {an ..., a,,} 
we shall simply call W, the super subspace spanned by the super 
vectors /«/, a,,}. 

THEOREM 1.2.4: The super subspace spanned by a non empty 
subset S of a super vector space V is the set of all linear 
combinations of super vectors in S. 

Proof: Given V is a super vector space over the field F. W be a 
super subspace of V spanned by S. Then each linear 
combination a = xicxi + . . . + x n a n of super vectors ai, . . a n in 
S is clearly in W. Thus W contains the set L of all linear 
combinations of super vectors in S. The set L, on the other 
hand, contains S and is non-empty. If a, P belong to L then a is 
a linear combination. 



a = Xjoii + ... + x m a m 



of super vectors ai, . . ., a m in S and p is a linear combination. 



P = yiPi + ... +y m p m 



of super vectors Pj in S; 1 < j < m. For each scalar, 

m m 

ca + p = ^(cx 1 )a 1 + Xyft 

i=i j=i 

Xi, y ; e F; 1 < i,j <m. 

Hence ca + P belongs to L. Thus L is a super subspace of V. 

Now we have proved that L is a super subspace of V which 
contains S, and also that any subspace which contains S 
contains L. It follows that L is the intersection of all super 
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subspaces containing S, i.e. that L is the super subspace spanned 
by the set S. 

Now we proceed onto define the sum of subsets. 

DEFINITION 1.2.5: If Si, ..., S K are subsets of a super vector 
space V, the set of all sums ai + ... + a K of super vectors a, in S, 
is called the sum of the subsets S h S 2 , ..., S K and is denoted by 

S]+ ... + S K orby ^ S, . 

1=1 

If Wi, ..., Wk are super subspaces of the super vector space V, 
then the sum W = Wj + W 2 + ... + Wk is easily seen to be a 
super subspace of V which contains each of super subspace W,-. 
i.e. W is the super subspace spanned by the union ofWj, W 2 , ..., 
Wg, 1 < i <K. 

Example 1.2.17: Let 



X 1 


X 2 


X 9 


X 10 


X ^ 
X 11 


x 3 


X 4 


X 12 


X 13 


X 14 


X 5 


X 6 


X 15 


X 16 


X 17 


X 7 


X 8 


X 18 


X 19 


X 20 J 



X; g Q; l<i<16 > 



be a super vector subspace of V over Q. 
Let 



W, 



X 1 


0 


0 


0 l 


X 3 


0 


0 


0 


0 


X 6 


X 13 


X 14 


0 


X 8 


X 15 


X 1 6 J 



Xi,X 3 ,X 6 , X 8 ,X 13 ,X 14 ,X 8 , X 15 , Xi 6 



Q} 



Wi is clearly a super subspace of V. 
Let 
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x 5 , x 6 G Q 



0 


0 


0 


0 " 


0 


0 


0 


0 


X 5 


0 


0 


~~0 


x 7 


0 


0 


0 , 



W 2 is a super subspace of V. 
Take 



W 3 



0 


x 2 


x 9 


X 10 


o 


X 4 


x n 


X 12 


o 


0 


0 


0 


0 


0 


0 


0 



a proper super vector subspace of V. 
Clearly V = Wi + W 2 + W 3 i.e., 
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X 10^ 
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X 14 
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X I1 


X 14 
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X 8 


X 15 


x i6y 




v0 


X 8 


X 15 


X 16 y 
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0^ 
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X 2 
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x io' 
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X 4 


X 11 


X 12 




X 5 
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"o 


0 
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V X 7 
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0; 




v0 
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The super subspace 
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W t 


n w J= 
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; i ^j; i ^ 


U j 
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v0 
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0^ 


i 
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Example 1.2.18: Let V = {(a b c | d e | f g h) | a, b, c d, e, f, g, h 
g Q} be a super vector space over Q. Let Wi = {(abc|0e|00 
0 0) | a, b, c, e g Q}, Wi is a super space of V. Take W 2 = {(0 0 
c | 0 0 | f g h) | f, g, h, c g Q}; W 2 is a super subspace of V. 

Clearly V = Wi + W 2 and Wi n W 2 = {(0 0 c | 0 0 | 0 0 0) | c g 
Q} is a super subspace of V. In fact Wi n W 2 is also a super 
subspace of both Wi and W 2 . 

Example 1.2.19: Let 





f a l 








b 

c 






V = • 


d 

e 

f 




a,b,c,d,e, f,g g R 




A 







V is a super vector space over Q. Take 



f°" 




0 




c 




d 


c,d,e,f g R 


e 




f 




0 





Wi is a super subspace of V. 
Let 
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'(V 




b 




0 




0 


a,b,g e R 


0 




0 




u 





ML is a super subspace of V. In fact V = Wi + W 2 and 



W = W, n W 2 



"0" 

0 

0 

0 

0 

0 

0 

v y 



is the super zero subspace of V. 

Example 1.2.20: Let 
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V = {| 


x i 


x 2 


X 3 


X 4 


X 5 


X 6 


1' 


V X 7 


X 4 


X 9 
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X 11 


X 12 y 



such that X; e Q; 1 < i < 12}, be the super vector space over Q. 
Let 



W,= 



V X 7 



x 2 

X 8 
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x, x 2 ,x 7 ,x 8 eQj 
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be the super subspace of the super vector space V. 



fro 0 0 0 0 

Wo = \ 

[v° 0 X 9 X 10 X 1 

be a super subspace of the super vector space V. Clearly V ^ Wi 
+ W 2 . But 



X 6^ 


l 


X 12 y 


X 6’ X 9’ X 10> X 1P X 12 £ Q j 



W 2 nWj 



o 
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0" 
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0 


0 


Oy 



the zero super matrix of V. 

Now we proceed onto define the notion of basis and dimension 
of a super vector space V. 

DEFINITION 1.2.6: Let V be a super vector space over the field 
F. A subset S of V is said to be linearly dependent (or simply 
dependent) if there exists distinct super vectors a h a 2 , a„ in 
S and scalars Cj, c 2 , c„ in F, not all of which are zero such 
that ciai + c 2 a 2 + ...+ c„a„ = 0. A set which is not linearly 
dependent is called linearly independent. If the set S contains 
only a finitely many vectors a 2 , a 2 , ..., a„ we some times say 
that a i, a 2 , ..., a n are dependent (or independent) instead of 
saying S is dependent (or independent). 

Example 1.2.21: Let V = {(x , x 2 | x 3 x 4 x 5 x 6 | x 7 ) | Xj g Q; 1 < i 
< 7} be a super vector space over Q. Consider the super vectors 
ai, a 2 , as of V given by 



ai = (1 2 | 3 5 6 | 7) 
a 2 = (5 6 | -1 2 0 1 | 8) 
a 3 = (2 1 | 8 0 1 2 | 0) 
ou = (1 1 | 1 103 | 2) 
a 5 = (3 -1 | 8 1 0 -1 | -4) 
a 6 = (8 1 | 0 1 1 1 | -2) 
a 7 = (1 2 | 2 0 0 1 | 0) 
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and 

a 8 = (3 1 | 2 3 4 5 | 6). 

Clearly ai, a 2 , a§ forms a linearly dependent set of super 
vectors of V. 

Example 1.2.22: Let V = {(x , x 2 | x 3 x 4 ) | x, e Q} be a super 
vector space over the field Q. 

Consider the super vector 

a! = (1 0 | 0 0), 
a 2 = (0 1 | 0 0), 
a 3 = (0 0 | 1 0) 

and 

04 = (00 I 0 1). 

Clearly the super vectors ai, a 2 , a 3 , a 4 form a linearly 
independent set of V. If we take the super vectors ( 1 0 | 0 0), (2 
1 | 0 0) and (1 4 | 0 0) they clearly form a linearly dependent set 
of super vectors in V. 

DEFINITION 1.2.7: Let V be a super vector space over the field 
F. A super basis or simply a basis for V is clearly a dependent 
set of super vectors V which spans the space V. The super space 
V is finite dimensional if it has a finite basis. 

Let V = {( X] ... x r | x r+ i ... x k j | x k+] ... xj} be a super vector 
space over a field F; i.e. x, gF; 1 <i <n.. Suppose 

W, = {(x, ... x r | 0 ... 0 | 0 ... 0 | 0 ... 0)} c V 
then we call Wj a special super subspace ofV. 

W 2 = {(0 ... 0 | x r +i ... x, | 0 ... 0 | 0 ... 0) | x r +i, ..., x, e F} 
is again a special super subspace of V. 

W 3 = {(0 ... 0 | 0 ... 0 | x t+1 ... x k | 0 ... 0) | x t+I , ..., x k gF} 
is again a special super subspace of V. 

We now illustrate thus situation by the following examples. 
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Example 1.2.23: Let 

V = {(xi I x 2 x 3 x 4 I x 5 x 6 ) I X; g Q; 1 < i < 6} 
be a super vector space over Q. The special super subspaces of 
V are 

Wj = {(x, | 0 0 0 | 0 0) | Xl g Q} 
is a special super subspace of V. 



W 2 = {(0 | x 2 x 3 x 4 | 0 0) | x 2 , x 3 , x 4 g Q} 
is a special super subspace of V. 

W 3 = {(0 | 0 0 0 | x 5 x 6 ) | x 5 , x 6 g Q} 
is also a special super subspace of V. 

W 4 = {(Xj |x 2 x 3 x 4 100)} 
is a special super subspace of V. 

W 5 = {( x, 1 0 0 0| x 5 x 6 )| X j x 5 x 6 g Q} 
is a special super subspace of V and 

W 6 = {(0 | x 2 x 3 x 4 |x 5 x 6 )| x 2 ,x 3 ,x 4 ,x 5 ,x 6 gQ} 

is a special super subspace of V. Thus V has only 6 special 
super subspaces. However if 

P = {(0 | x 2 0 x 4 | 0 0)|x 2 , x 4 g Q} 
is only a super subspace of V and not a special super subspace 
of V. Likewise 

T = {(Xj | 0 x 3 0|x 5 0|x 15 x 3 ,x 5 gQ} 
is only a super subspace of V and not a special super subspace 
of V. 

Example 1.2.24: Let 
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be a super vector space over Q. The special super subspaces of 
V are as follows. 

Yxj 0 0 0 0^ 

x 2 0 0 0 0 

Wj = < x 3 0 0 0 0 x,,x 2 ,x 3 eQ 

~0 0 0 0 0 

1 , 0 0 0 0 oj 

is a special super subspace of V 



W 2 = 



is a special super subspace of V. 

0 x 6 x u 0 0 

0 x 7 x 12 0 0 

W 3 = <| 0 x 8 x I3 0 0 x 6 ,x n ,x 7 ,x 8 ,x 12 ,x 13 eQ 

0 0 0 0~~0 

[o 0 0 0 0 

is a special super subspace of V. 

Yo 0 0 0 0^ 

0 0 0 0 0 

W 4 = ■< 0 0 0 00 x 9 ,x 10 ,x 14 andx 15 eQ 

0 x 9 x 14 0 0 

,0 x 10 x 15 0 0 y 
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is a special super subspace of V. 



[0 0 0 x 17 x 18 | 

0 0 0 x 19 x 20 

W 5 =< 0 0 0 x 21 x 22 x 17 ,x l8 ,x 19 ,x 20 ,x 21 andx 22 gQ 

(Too o o~ 

[o 0 0 0 0 

is a special super subspace of V. 

Yo o o o 

0 0 0 0 0 

W 6 = < 0 0 0 0 0 x 23 ,x 24 ,x 25 andx 26 gQ 

0 0 0 x 23 x 24 

(P 0 0 X 25 X 26 

is a special super subspace of V. 

( Xj 0 0 0 0^ 

x 2 0 0 0 0 

W 7 = < x 3 0 0 0 0 x,tox 5 GQ 

x 4 0 0 0 0 

[x 5 0 0 0 oj 

is also a special super subspace of V. 

f X l X 6 X n 0 0^ 

x 2 x 7 x 12 0 0 

W 8 =j x 3 x 8 x 13 0 0 x 1 ,x 2 ,x 3 ,x 6 ,x 11 ,x 7 ,x 8 ,x l2 andx 13 GQ 

~0 0 0 0~~0 
0 0 0 0 0 
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is also a special super subspace of V and so on, 
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is also a special super subspace of V. 

Now we have seen the definition and examples of special 
super subspace of a super vector space V. We now proceed onto 
define the standard basis or super standard basis of V. 

Let F be a field V = (F n ‘ | F” 2 | ... |F" n ) be a super vector space 
overF. The super vectors g 15 ..., g , e j , ..., G n given by 

g , = ( 10 ... 0 | 0 ... 0 | 0 ...| 00 ... 0 ) 
g 2 =( 01 ... 0 | 0 ...| 0 ...| 0 ... 0 ) 

6 n , =(0 ... 1 | 0 — 0 | 0 — | 0 — 0 ) 

G ni+1 =(0 ... 0 | 1 0 ... 0 | ... | 0 ... 0 ) 

G n2 = (0 ... 0 | 0 — 1 | 0 . . . | 0 — 0 ) 

G nn =(0 ... 0 | 0 ... 0 | ... |0 ... 01 ) 

forms a linearly independent set and it spans V; so these super 
vectors form a basis of V known as the super standard basis of 
V. 

We will illustrate this by the following example. 

Example 1.2.25: Let V = {(xj x 2 x 3 1 x 4 x 5 ) | X; g Q; 1< i < 5} be 
a super vector space over Q. The standard basis of V is given by 
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Si = (1 0 0 I 0 0), 

e 2 = (0 1 0 | 0 0), 
e 3 = (0 0 1 | 0 0), 
e 4 = (0 0 0 | 1 0), 

e s = (0 0 0 | 0 1), 



Example 1.2.26: Let V = {(xi x 2 x 3 x 4 x 5 1 x 6 x 7 x 8 ) | x; e Q; 1< i 
< 8} be a super vector space over Q. The standard basis for V is 
given by 

Gi = (1 | 0 0 0 0 | 0 0 0), 

e 2 = (0 | 1 0 0 0 | 0 0 0), 

g 3 = (0 | 0 1 0 0 | 0 0 0), 

g 4 = (0 | 0 0 1 0 | 0 0 0), 

e 5 = (0 | 0 0 0 1 | 0 0 0), 

e 6 = (0|00 00| 1 0 0), 
e 7 = (0 | 0 0 0 0 | 0 1 0), 
and 

e 8 = (0 | 0 0 0 0 | 0 0 1), 

Clearly it can be checked by the reader e i, e 2 , e 8 forms a 
super standard basis of V. 

Example 1.2.27: Let 
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be a super vector space over Q. The standard basis for V is ; 
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The reader is expected to verify that e i, e 2 , £12 forms a 

super standard basis of V. 

Now we are going to give a special notation for the super row 
vectors which forms a super vector space and the super matrices 
which also form a super vector space. Let X = (xj . . . x t | x t+1 . . . 
x k | ... | x r+ i ... x n ) be a super row vector with entries from Q. 

Define X = (A! | A 2 | ... | A m ) where each A! is a row vector 
Ai corresponds to the row vectors (xi ... x t ), the set of row 
vectors (x t+ i . . . x k ) to A 2 and so on. Clearly m < n. 

Likewise a super matrix is also given a special 
representation. 
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Suppose 
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where Ai is a 3 x 3 matrix given by 
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V X 20 


X 21 J 



is a 3 x 2 rectangular matrix 



a 3 = 



V X 15 X 14 X 15 J 



is again a rectangular 2x3 matrix with entries from Q and 



a 4 = 



'x,, x, ' 



V X 24 X 25 7 



is again a 2 x 2 square matrix. 

We see the components of a super row vector are row 
vectors where as the components of a super matrix are just 
matrices. 

Now we proceed onto prove the following theorem. 

THEOREM 1.2.5: Let V be a super vector space which is 
spanned by a finite set of super vectors /?/, ..., ff. Then any 
independent set of super vectors in V is finite and contains no 
more than m elements. 
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Proof: Given V is a super vector space. To prove the theorem it 
suffices to show that every subset S of V which contains more 
than m super vectors is linearly dependent. Let S be such a set. 
In S there are distinct super vectors ai, ..., a n where 
n > m. Since Pi, P 2 , ..., P m span V their exists scalars Ay in F 
such that 

m 

« - I V( 5 , • 

i=l 

For any n-scalars x l5 . . ., x n we have 

n 

xcxj + ... x n a n =X x i a j 
j=i 



n m 



= IAA.fi 

i=i i=i 
n m 

= ZEWfi 

j=l i=l 

f - A 



m / n 



ZEVi 

;=i v j=i 



P,. 



Since n > m we see there exists scalars x 1? ..., x n not all zero 
such that 

2> ijXj =0; 

j=i 



Flence x^i + ... + x n a n = 0 which proves S is a linearly 
dependent set. 

The immediate consequence of this theorem is that any two 
basis of a finite dimensional super vector space have same 
number of elements. 

As in case of usual vector space when we say a supervector 
space is finite dimensional it has finite number of elements in its 
basis. 

We illustrate this situation by a simple example. 



Example 1.2.28: Let V = {(xi x 2 x 3 | x 4 ) | Xj e Q; 1< i < 4} be a 
super vector space over Q. It is very clear that V is finite 



50 




dimensional and has only four elements in its basis. Consider a 
set 

S = {(1 0 1 | 0), (1 2 3 | 4), (4 0 0 | 3), (0 1 2 | 1 ) and (1 2 0 | 2)} 
{xi, x 2 , x 3 , x 4 , x 5 } c V, to S is a linearly dependent subset of V; 

i.e. to show this we can find scalars c 2 , c 3 , c 4 and C 5 in Q not 
all zero such that 

^c.Xi = 0 . d (1 0 1 | 0) + c 2 (1 2 3 | 4) + c 3 (4 0 0 | 3) + c 4 ( 0 1 

2 | l) + c s (l 2 0 | 2 ) = (0 0 0 | 0) 
gives 



Ci + c 2 + 4c 3 + C5 = 0 
2c 2 + c 4 + 2c s = 0 
Ci+ 3 c 2 + 2c 4 = 0 
4c 2 + 3c 3 + c 4 + 2c 5 = 0. 



It is easily verified we have non zero values for c 1} . . c 5 hence 
the set of 5 super vectors forms a linearly dependent set. 

It is left as an exercise for the reader to prove the following 
simple lemma. 

LEMMA 1.2.1: Let S be a linearly independent subset of a super 
vector space V. Suppose (i is a vector in V and not in the super 
subspace spanned by S, then the set obtained by adjoining f to S 
is linearly independent. 

We state the following interesting theorem. 

THEOREM 1.2.6: If W is a super subspace of a finite 
dimensional super vector space V, every > linearly independent 
subset ofW is finite and is part of a (finite basis for W). 

Since super vectors are also vectors and they would be 
contributing more elements while doing further operations. The 
above theorem can be given a proof analogous to usual vector 
spaces. 
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Suppose S 0 is a linearly independent subset of W. If S is a 
linearly independent subset of W containing S 0 then S is also a 
linearly independent subset of V; since V is finite dimensional, 
S contains no more than dim V elements. 

We extend So to a basis for W as follows: So spans W, then 
So is a basis for W and we are done. If So does not span W we 
use the preceding lemma to find a super vector pi in W such that 
the set Sj = S 0 u (PJ is independent. If Si spans W, fine. If not, 
we apply the lemma to obtain a super vector p 2 in W such that 
S 2 = Sj u {P 2 } is independent. 

If we continue in this way then (in not more than dim V 
steps) we reach at a set S m = S 0 u (P P ..., P m } which is a basis 

for W. 

The following two corollaries are direct and is left as an 
exercise for the reader. 

COROLLARY 1.2.1: If W is a proper super subspace of a finite 
dimensional super vector space V, then W is finite dimensional 
and dim W < dim V. 

COROLLARY 1.2.2: In a finite dimensional super vector space 
V ever y non empty linearly independent set of super vectors is 
part of a basis. 



However the following theorem is simple and is left for the 
reader to prove. 

THEOREM 1.2.7: If Wj and W 2 are finite dimensional super 
subspaces of a super vector space V then Wj + W 2 is finite 
dimensional and dim Wj + dim W 2 = dim (W 2 O W 2 ) + dim (Wj 
+ W 2 ). 



We have seen in case of super vector spaces we can define the 
elements of them as n x m super matrices or as super row 
vectors or as super column vectors. 
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So how to define linear transformations of super vector 
spaces. Can we have linear transformations from a super vector 
space to a super vector space when both are defined over the 
same field F? 



1.3 Linear Transformation of Super Vector Spaces 

For us to have a meaningful linear transformation, if V is a 
super vector space, super row vectors having n components (A 1} 
..., A n ) where each A, a is row vector of same length then we 
should have W also to be a super vector space with super row 
vectors having only n components of some length, need not be 
of identical length. When we say two super vector have same 
components we mean that both the row vector must have same 
number of partitions. For instance X = (x , , x 2 , . . ., x n ) and Y = 
(yi , y 2 , y m )j m ^ n, the number of partitions in both of them 
must be the same if X = (Aj | ... | A t ) then Y = (Bi | ... | B t ) 
where A;’s and Bj’s are row vectors 1 < i, j < t. 

Let X = (2 1056- 1) 

and 

Y = (l 02 3 45 7 8). 

If X is partitioned as 

X = (2 | 1 0 5 | 6 — 1 ) 

and 

Y = (1 0 2 | 3 4 5 | 7 8 1). 

X = (A, | A 2 | A 3 ) and Y = (B x | B 2 | B 3 ) where A! = 2, B t = (1 0 
2); A 2 (1 0 5), B 2 = (3 4 5), A 3 = (6 - 1) and B 3 = (7 8 1). 

We say the row vectors X and Y have same number of 
partitions or to be more precise we say the super vectors have 
same number of partitions. We can define linear transformation 
between two super vector spaces. Super vectors with same 
number of elements or with same number of partition of the row 
vectors; otherwise we cannot define linear transformation. 

Let V be a super vectors space over the field F with super 
vector X e V then X = ( A , | ... | A n ) where each A; is a row 
vector. Suppose W is a super vector space over the same field F 
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if for a super row vector, Y e W and if Y = (Bi | ... | B n ) then 
we say V and W are super vector spaces with same type of 
super row vectors or the number of partitions of the row vectors 
in both V and W are equal or the same. 

We call such super vector spaces as same type of super 
vector spaces. 

DEFINITION 1.3.1: Let V and W be super vector spaces of the 
same type over the same field F. A linear transformation from V 
into W is a function T from V into W such that T(ca + J3) = cTa 
+ fi for all scalars c in F and the super vectors a, f g V; 

i.e. if a = (A I \ ...| AJ e V then Ta = (Bj \ ...| B,J e W, 

i.e. T acts on A / in such a way that it is mapped to Bj i.e. first 
row vector of a i.e. A / is mapped into the first row vector Bi of 
Ta. This is true for A 2 and so on. 

Unless this is maintained the map T will not be a linear 
transformation preserving the number of partitions. We first 
illustrate it by an example. As our main aim of introducing any 
notion is not for giving nice definition but our aim is to make 
the reader understand it by simple examples as the very concept 
of super vectors happen to be little abstract but very useful in 
practical problems. 

Example 1.3.1: Let V and W be two super vector spaces of 
same type defined over the field Q. Let V = {(x! x 2 x 3 | x 4 x 5 
x 6 )| X; g Q; 1 < i < 6} and W = {(xi x 2 | x 3 x 4 x 5 x 6 x 7 x 8 ) | x ; e 
Q; l<i<8}. 

We see both of them have same number of partitions and we do 
not demand the length of the vectors in V and W to be the same 
but we demand only the length of the super vectors to be the 
same, for here we see in both the super vector spaces V and W 
super vectors are of length 3 only but as vectors V has natural 
length 6 and W has natural length 8. 

Let T : V -> W 
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T (xi x 2 x 3 1 x 4 x 5 1 x 6 ) 

= (X! + X 3 x 2 +x 3 1 X 4 X 4 + X 5 x 5 1 x 6 0 -x 6 ). 



It is easily verified that T is a linear transformation from V into 
W. 

Example 1.3.2: Suppose V = {(xi x 2 | x 3 x 4 x 5 ) | x 3 , x 5 e Q} 
and W = {(x! | x 2 x 3 1 x 4 x 5 ) | x ; e Q; 1 < i < 5} both super vector 
spaces over F. Suppose we define a map T : V — > W by T[(xi x 2 
| x 3 x 4 x 5 )] = (xj + x 2 I x 3 + X 4 , x 5 I 0 0). 



T is a linear transformation but does not preserve partitions. So 
such linear transformation also exists on super vector spaces. 

Example 1.3.3: Let V = {(x! x 2 x 3 | x 4 x 5 | x 6 ) | x { e Q; 1 < i < 
6} and W = {(x! x 2 | x 3 x 4 ) | x; e Q, 1 < i < 4}. Then we cannot 
define a linear transfoimation of the super vector spaces V and 
W. So we demand if we want to define a linear transformation 
which is not partition preserving then we demand the number 
partition in the range space (i.e. the super vector space which is 
the range of T) must be greater than the number of partitions in 
the domain space. 

Thus with this demand in mind we define the following linear 
transfoimation of two super vector spaces. 

Definition 1.3.2: Let V = {(Aj \ A 2 \ ... | A„) \ A, row vectors 
with entries from a field F} be a super vector space over F. 
Suppose W = {(Bi | B 2 I ... | B m ), B, row vectors from the same 
field F; i = 1, 2, ..., m} be a super vector space over F. Clearly 
n <m. Then we call T the linear transformation i.e. T: V —> W 
where T(Aj) = Bj, 1 <i <n and 1 <j < m and entries B K in W 
which do not have an associated A, in V are just put as zero row 
vectors and if T is a linear transformation from A, to By T is 
called as the linear transformation which does not preserve 
partition but T acts more like an embedding. Only when m = n 
we can define the notion of partition preserving linear 
transformation of super vector spaces from V into W. But when 
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77 > 777 we will not be in a position to define linear 
transformation from super vector space V into W. 



With these conditions we will give yet some more examples of 
linear transformation from a super vector space V into a super 
vector space W both defined over the same field F. 

Example 1.3.4: Let V = {(x , x 2 x 3 x 4 x 5 x 6 1 x 7 ) | Xj e Q; 1 < i < 
7} be a super vector space over Q. W = {(xi x 2 1 x 3 x 4 1 x 5 x 6 1 x 7 
x 8 | x 9 ) | X; e Q; 1 < i < 9} be a super vector space over Q. 
Define T : V — > W by T (x! x 2 x 3 1 x 4 | x 5 x 6 1 x 7 ) — > (x 3 + x 2 x 2 + 
x 3 | x 3 + x 4 | x 5 + x 6 x 5 | 0 0 | x 9 ). It is easily verified T is a linear 
transformation from V to W, we can have more number of 
linear transformations from V to W. Clearly T does not preserve 
the partitions. We also note that number of partitions in V is less 
than the number of partitions in W. 

We give yet another example. 

Example 1.3.5: Let T : V — > W be a linear transformation from 
V into W; where V = {(xj x 2 | x 3 | x 4 x 5 x 6 ) | X; e Q; 1 < i < 6} is 
a super vector space over Q. Let W = {(xi x 2 | x 3 | x 4 x 5 x 6 x 7 ) | x ; 
e Q; 1 < i < 7} be a super vector space over Q. Define T ((xi x 2 
x 3 I x 4 x 5 x 6 ) = (xi + X 2 I x 2 + x 3 x 2 I x 4 + X 5 x 5 + x 6 x 6 + x 4 x 4 + 
X 5 + X 6 ) 



It is easily verified that T is a linear transformation from the 
super vector space V into the super vector space W. 

Now we proceed into define the kernel of T or null space of T. 

DEFINITION 1.3.3: Let V and W be two super vector spaces 
defined over the same field F. Let T : V —> W be a linear 
transformations from V into W. The null space of T which is a 
super subspace of V is the set of all super vectors a in V such 
that Ta = 0. It is easily verified that null space ofT; N = {a e V 
| T(a) = 0} is a super subspace ofV. For we know T(0) = 0 so N 
is non empty. 
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If 



Tai = Ta 2 = 0 



then 

T(cai + a 2 ) = cTai + Ta 2 

= c.O + 0 
= 0. 

So that for every ai a 2 e N, coti + a 2 e N. Hence the claim. We 
see when V is a finite dimensional super vector space then we 
see some interesting properties relating the dimension can be 
made as in case of vector spaces. 

Now we proceed on to define the notion of super null subspace 
and the super rank space of a linear transformation from a super 
vector space V into a super vector space W. 

DEFINITION 1.3.4: Let V and W be two super vector spaces over 
the field F and let T be a linear transformation from V into W. 
The super null space or null super space of T is the set of all 
super vectors a in V such that Ta-O.lfV is finite dimensional, 
the super rank ofT is the dimension of the range ofT and nullity 
ofT is the dimension of the null space ofT. 

This is true for both linear transformations preserving the 
partition as well as the linear transformations which does not 
preserve the partition. 

Example 1.3.6: Let V = {(x! x 2 | x 3 x 4 x 5 ) | x ; e Q; 1 < i < 5} be 
a super vector space over Q and W = {(x , x 2 1 x 3 x 4 ) | x ; e Q; 1 < 
i < 4} be a super vector space over Q. Let T: V — > W defined by 
T(xj x 2 | x 3 x 4 x 5 ) = (x, + x 2 , x 2 | x 3 + x 4 , x 4 + x 5 ). T is easily 
verified to be a linear transformation. 

The null super subspace of T is N = {(0 0 | k, k, -k) 
k g Q} which is a super subspace of V. Now dim V = 5 and dim 
W = 4. Find dim N and prove rank T + nullity T = 5. 

Suppose V is a finite dimensional super vector space over a 
field F. We call B = {x 3 , ..., x n } to be a basis of V if each of the 
X;’s are super vectors from V and they form a linearly 
independent set and span V. Suppose V = {(x 3 | | | | | 
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x n ) | X! g Q; 1 < i < n} then dimension of V is n and V has B to 
be its basis then B has only n-linearly independent elements in it 
which are super vectors. 

So in case of super vector spaces the basis B forms a set which 
contains only supervectors. 

THEOREM 1.3.1: Let V be a finite dimensional super vector 
space over the field F i.e., V = {(xj \ X 2 \ ... I ... I ... I x J I x-, e F; 
1 < i < n} Let ( «/, 0 C 2 , ..., a„) be a basis of V i.e., each a, is a 
super vector; i = i, 2, ..., n. Let W = {(xj I ... I ... I x m ) I x,- ef; 
1 < i < mj be a super vector space over the same field F and let 
ff, ..., ff be super vectors in W. Then there is precisely one 
linear transformation T from V into W such that Taj — ftp j = 1, 
2, ..., n. 

Proof: To prove that there exists some linear transformation T 
from V into W with Taj = p, we proceed as follows: 

Given a in V, a super vector there is a unique n-tuple of 
scalars in F such that a = Xioq + ... + x n a n where each a! is a 
super vector and {ai, ..., a n } is a basis of V; (1 < i < n). For this 
a we define Ta = xiPi + . . . + x n p n . 

Then T is well defined rule for associating with each super 
vector a in V a super vector Ta in W. From the definition it is 
clear that Taj = Pj for each j. To show T is linear let P = yiai + 
. . . + y n a n be in V for any scalar ceF. We have ca + P = (cxi + 
yi) ai + . . . + (cx n + y n ) a n and so by definition T (ca +P) = (cxj 
+ yi)Pi + ... + (cx„ + y„) p n . 



On the other hand 

c(Ta) + Tp = c XxA + ^YiPi = Z(cx, +y,)P, 

i-l i-1 i-1 

and thus 

T (ca + P) = c(Ta) + Tp. 

If U is a linear transformation from V into W with Uaj = Pj; j = 

n 

1,2, ..., n then for the super vector a = ^x^ we have Ua = 

i-1 
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U (^XjOt; ) = ^XjUaj = ^XjP;, so thatU is exactly the rule 

i=l i=l i=l 

T which we have just defined above. This proves that the linear 
transformation with Taj = Pj is unique. 

Now we prove a theorem relating rank and nullity. 

THEOREM 1.3.2: Let V and W be super vector spaces over the 
field F of same type and let T be a linear transformation from V 
into W. Suppose that V is finite-dimensional. Then super rank T 
+ super nullity T - dim V. 

Proof: Let V and W be super vector spaces of the same type 
over the field F and let T be a linear transformation from V into 
W. Suppose the super vector space V is finite dimensional with 
{ai, oik} a basis for the super subspace which is the null 
super space N of V under the linear transformation T. There are 
super vectors {a,k+i, ..., a n } in V such that {ai, ..., a n } is a 
basis for V. 

We shall prove {Tak+i, ..., Ta n } is a basis for the range of 
T. The super vectors {Tak+i, ..., Ta n } certainly span the range 
of T and since Taj = 0 for j < k, we see Tak+i, ..., Ta n span the 
range. To prove that these super vectors are linearly 
independent; suppose we have scalars c, such that 

Zc 1 (Ta i )=0. 

i=k+l 

n 

This says that T(^ CjOtj) = 0 and accordingly the super 

i=k+l 

n 

vector a = ^ c i a i is in the null super space of T. Since ai, . . 

i=k+l 

a k form a basis of the null super space N there must be scalars 

k 

bi, ...,b k such that a = ^b^ . Thus 

i=l 

k n 

Z b i (X i “ X c j a > = 0 

i=l j=k+l 



59 




Since 04 , . . a n are linearly independent we must have Iq = b 2 = 
... b k c k+ i ... c n 0 . 

If r is the ra nk of T, the fact that Ta k+ i, ..., Ta n form a basis for 
the range of T tells us that r = n - k. Since k is the nullity of T 
and n is the dimension of V, we have the required result. 

Now we want to distinguish the linear transformation T of 
usual vector spaces from the linear transformation T of the 
super vector spaces. 

To this end we shall from here onwards denote by T s the 
linear transformation of a super vector space V into a super 
vector space W. 

Further if V = {(Ai | . . . | A n ) | A; are row vectors with 
entries from F, a field} and V a super vector space over the field 

F and W = {(B 1 | | B n ) | B, are row vectors with entries from 

the same field F} and W is also a super vector space over F. We 
say T s is a linear transformation of a super vector space V into 
W if T = (Ti | ... | T n ) where T, is a linear transformation from 
A; to B ; ; i = 1,2, ..., n. Since A ; is a row vector and B ; is a row 
vector Tj(Ai) = B, is a linear transformation of the vector space 
with collection of row vectors A; = (x; ... x ; ) with entries from F 
into the vector space of row vectors B, with entries from F. This 
is true for each and every i; i = 1 , 2, . . ., n. 

Thus a linear transformation T s from a super vector space V 
into W can itself be realized as a super linear transformation as 
T, = (Ti | ... |T n ). 



From here on words we shall denote the linear transformation of 
finite dimensional super vector spaces by T s = (Ti | T 2 ... | T n ) 
when the linear transformation is partition preserving in case of 
linear transformation which do not preserve partition will also 

be denoted only by T s = (T 2 1 T 2 |.l. . . | T n ). Now if (Ai | | A n ) 

e V then T(A, | ... | A n ) = (TjAi | T 2 A 2 | . . . | T n A n ) = (Bj | B 2 
... | B n ) e W in case T s is a partition preserving linear 
transformation. 

If T s is not a partition preserving transformation and if (Bi 
... | B m ) e W we know m > n so T(Ai ... | A n ) = (T 1 A 1 | ... 
T n A n | 0 0 | ... | 0 0 0) = (TjAj | 0 0 ... | T 2 A 2 | 0 0 | 0 0 | ... 
T n A n ) in whichever manner the linear transformation has been 
defined. 
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THEOREM 1.3.3: Let V = {(Aj I ... I A n ) I A,’s are row vectors 
with entries from F ; 1 <i < nj a super vector space over F. W = 
l(B, I ... I B n ) I Bfs are row vectors with entries from F; 1 <i < 
nj a super vector space over F. Let T s = (T/ \ ... I T n ) and U s = 
(Ui I ... I JJ n ) be linear transformations from V into W. The 
function T s + U s - (T t + Ui I ... I T n + U„) defined by (T s + U s ) 
(a) - (T s + UJ (A / \ ... \ A„) (where a gV is such that a-(Aj I 
... I A„) — ( TjA] + UjAi I T 2 A 2 + U 2 A 2 I ... I T n A n + U„An) is a 
linear, transformation from V into W. If cl is any element of F, 
the function dT = (dT / I ... I dT n ) defined by ( dT ) ( a) - d(Ta) = 
d(TjAi I ... I T,An) is a linear transformation from V into W, the 
set of all linear transformations from V into W together with 
addition and scalar multiplication defined above is a super 
vector space over the field F. 

Proof: Suppose T s - (Ti | ... | T n ) and U s = (Ui | ... | U n ) are 
linear transformations of the super vector space V into the super 
vector space W and that we define (T s + U s ) as above then 

(T s + U s ) (da + P) = T s (da + P) + U s (da + p) 

where a = (Ai | A 2 | | A n ) and P = (Ci | | C n ) e V and deF. 

(T s = U s )(da + P) 

= (Tj + UH ... |T n + U„)(dA 1 + C 1 |dA 2 + C 2 | ... |dA n + 

Cn) 

= (TddA, + CO | T 2 (dA 2 + C 2 ) | ... | T n (dA n + C n )) + 
(UddA. + COI ... |U n (dA n + C n )) 

= T,(dA, + CO + UddAi + CO | ... | T n (dA n + C n ) + 
U n (dA n +C n )) 

= (dTiA, + TjCj | . . . | dT n A n + T n C n ) + (dU,Aj + U^O | 
... | dU n A n + U n C n ) 

= (dT^! | ... | dT n A n ) + (T^! | ... | T n C n ) + (dUiAi \ ..A 

dU n A n ) + (U 1 C 1 |...|U n C n ) 

= (dTiA! | ... | dT n A n ) + (dUiAi | ... | dU n A n ) + (TiQ | . . . 

| T n C n ) + (UiCi | ... |U n C n ) 

= (d(Ti+Ui)Ai | ... | d(T n + U n ) A„) + ((T,+Ui) Ci ... | 
(T„ + U n ) C n ) 
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which shows (T s + U s ) is a linear transformation. Similarly 

(eT s ) (da + P) 

= e(T s (da + P)) 

= e (T s da + T s p) 

= e[d(T s a)] + eT s p 

= ed[T 1 A 1 |...|T n A n ] + e[T 1 C 1 |...|T n C n ] 

= edT s a + eT s p 
= d(eT s ) a + eT s p 

which shows eT s is a linear transformation. 

We see the elements T s , U s which are linear transformations 
from super vector spaces are also super vectors as T s = (Tj | ... 
T n ) and U s = (Ui | ... U n ). Thus the collection of linear 
transformations T s from a super vector space V into a super 
vector space W is a vector space over F. Since each of the linear 
transformation are super vectors we can say the collection of 
linear transformation from super vector spaces is again a super 
vector space over the same field. 

Clearly the zero linear transformation of V into W denoted 
by 0 S = (0 | ... | 0) will serve as the zero super vector of linear 
transformations. We shall denote the collection of linear 
transformations from the super vector space V into the super 
vector space W by SL(V, W) which is a super vector space over 
F, called the linear transformations of the super vector space V 
into the super vector space W. 

Now we have already said the natural dimension of a super 
vector space is its usual dimension i.e., if X = (xi x 2 | ... | ... 
... | x n ) then dimension of X is n. So if X = (A! | . . . | A k ) then k 
< n and if k < n we do not call the natural dimension of X to be 
k but only as n. 

Flowever we cannot say if the super vector space V is of natural 
dimension n and the super vector space W is of natural 
dimension m then SL (V, W) is of natural dimension mn. 
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For we shall first describe how T s looks like and the way the 
dimension of SL (V, W) is determined by a simple example. 



Example 1.3.7: Let V = {(xj x 2 x 3 1 x 4 x 5 1 x 6 x 7 ) | X; e Q; | 1 < i < 
7} be a super vector space over Q. Suppose W = {(xi x 2 1 x 3 x 4 | 
x 5 x 6 x 7 x 8 x 9 ) | X; e Q; | 1 < i < 9} be a super vector space over 
Q. Clearly the natural dimension of V is 7 and that of W is 9. 
Let SL (V, W) denote the super space of all linear 
transformations from V into W. 

Let T s : V-» W; 



T s (Xi X 2 X 3 | X4X5 I x 6 x 7 ) = (xi +x 2 x 2 + x 3 1 x 4 x 5 I x 6 0x 7 0x 6 ) 



i.e., T s = (T x | T 2 | T 3 ) such that Ti(xi x 2 x 3 ) = (xi + x 2 , x 2 + x 3 ), 
T 2 (x 4 , x 5 ) = (x 4 , x 5 ) and T 3 (x 6 , x 7 ) = (x 6 , 0, x 7 , 0, x 6 ). 



Clearly natural dimension of Ti is 6, the natural dimension of T 2 
is 4 and that of T 3 is 10. Thus the natural dimension of SL (V, 
W) is 20. But we see the natural dimension of V is n = 7 and 
that of W is 9 and the natural dimension of L (V, W) is 63, 
when V and W are just vector spaces. But when V and W are 
super vector spaces of natural dimension 7 and 9, the dimension 
of SL(V, W) is 20. Thus we see the linear transformation of 
super vector spaces lessens the dimension of SL (V, W). 

We also see that the super dimension of SL (V, W) is not unique 
even if the natural dimension of V and W are fixed, They vary 
according to the length of the row vectors in the super vector 
a = (Ai | ... | A k ); k < n, i.e., they are dependent on the partition 
of the row vectors. 

This is also explained by the following example. 

Example 1.3.8: Let V = {(xj x 2 x 3 x 4 1 x 5 | x 6 x 7 ) | x ; e Q; 1 < i < 
7} be a super vector space over Q and W = {(xj x 2 x 3 | x 4 x 5 | x 6 
x 7 x 8 x 9 ) | x ; g Q; | 1 < i < 9} be a super vector space 
over Q. Clearly the natural dimension of V is 7 and that of W is 
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9. Now let SL(V, W) be the set of all linear transformation of V 
into W. 

Now if T s e SL (V, W) then T s = (T t | T 2 | T 3 ), where 
dimension of T! is 12, dimension of T 2 is 2 and dimension of T 3 
is 8. The super dimension of SL(V, W) is 12 + 2 + 8 = 22. Thus 
it is not 63 and this dimension is different from that given in 
example 1.3.7 which is just 20. 

Example 1.3.9: Let V = {(X[ x 2 x 3 x 4 x 5 | x 6 | x 7 ) | x ; g Q; 1 < i < 
7} be a super vector space over Q. 

Let W = {(X! x 2 x 3 | x 4 x 5 x 6 | x 7 x 8 x 9 ) | X; e Q; | 1 < i < 9} 
be a super vector space over Q. Clearly the natural dimension of 
V is 7 and that of W is 9. 

Now let SL(V, W) be the super vector space of linear 
transformations of V into W. Let T s = (T t | T 2 | T 3 ) g SL(V, W) 
dimension of Ti is 15 dimension of T 2 is 3 and that of T 3 is 3. 
Thus the super dimension of SL( V, W) is 2 1 . 

Now we can by using number theoretic techniques find the 
minimal dimension of SL(V, W) and the maximal dimension of 
SL(V, W). Also one can find how many distinct super vector 
spaces of varied dimension is possible given the natural 
dimension of V and W. 

These are proposed as open problems is the last chapter of this 
book. 

Example 1.3.10: Given V = {(xi x 2 1 x 3 x 4 | x 5 x 6 ) | X; g Q; 1 < i 
< 6} is a super vector space over Q. W = {(xj x 2 x 3 | x 4 x 5 | x 6 ) | 
X; g Q; 1 < i < 6} is also a super vector space over Q. Both have 
the natural dimension to be 6. SL(V, W) be the super vector 
space of all linear transformation from V into W. The super 
dimension of SL(V, W) is 12. 

Suppose in the same example V = {(xj x 2 1 x 3 x 4 x 5 1 x 6 ) | x ; g 
Q; 1 < i < 6} a super vector space over Q and W = {(xj x 2 | x 3 | 
x 4 x 5 x 6 ) | X; g Q; 1 < i < 6} a super vector space over Q. Let 
SL(V, W) be the super vector space of linear transformations 
from V into W. The super dimension of SL(V, W) is 10. 



64 




Suppose V = {(x i | x 2 x 3 x 4 | x 5 x 6 ) | Xj g Q; 1 < i < 6} a super 
vector space over Q and W = {(x 3 x 2 x 3 1 x 4 x 5 1 x 6 ) | x ; g Q; 1 < i 
< 6} a super vector space over Q. Let SL(V, W) be the super 
vector space of all linear transformation from V into W. 

The natural dimension of SL(V, W) is 11. Thus we have 
seen that SL(V, W) is highly dependent on the way the row 
vectors are partitioned and we have different natural dimensions 
for different partitions. 

So we make some more additions in the definitions of super 
vector spaces. 

Let V = {(xi x 2 1 . . . | . . . | x n ) | Xi g F; F a field; 1 < i < n} be 
a super vector space over F. If V = {(Aj A 2 ... | A k ) | A! are 
row vectors with entries from the field F; i = 1, 2, ..., k, k < n} 
Suppose the number of elements in A ; is n ; ; i = 1, 2, ..., n then 
we see natural dimension of V is n = ni + . . . + n k and is denoted 
by (ni, . .., n k ). 

Let W = {(xi | ... | ... | x m ) | X; g F, F a field i < i < m) be a 
super vector space over the field F of natural dimension m. Let 
W = {(Bi | ... | B k ), k < m; Bj’s row vectors with entries from F; 
i = 1, 2, ..., k}. Then natural dimension of W is m = mi + ... + 
m k where m, is the number of elements in the row vector Bj, 1 < 
i < k. 

Now the collection of all linear transformations from V into W 
be denoted by SL(V, W) which is again a super vector space 
over F. Now the natural dimension of SL(V, W) = n^nj + . . . + 
m k n k clearly npni + . . . + m k n k < mn. 



Now we state this in the following theorem. 

THEOREM 1.3.4: Let V = {(x k I ... I x n ) / x, e F; i <i < nj be a 
super vector space over F of natural dimension n, where V = 
{( A i I ... I A k ) I A,’s are row vectors of length n ,■ and entries of A ; 
are from F, i < i <k, k <n I «/ + ... + n k = nj. W = f(xi I ... I ... 

I ... I x m ) / Xi € F, 1 < i <mj is a super vector space of natural 
dimension m over the field F, where W = /('/?, I ... I B k ) I B, 's 
are row vectors of length m k with entries from F, i <i <k, k < m 
such that mj + ... + m k - mj. Then the super vector space SL(V, 
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W) of all linear transformations from V into W is finite 
dimensional and has dimension m 2 n j + m 2 n 2 + . . . + m k n k < mn. 

Proof: Let B = {oti, a n } and B 1 = {Pi, p m } be a basis for 
V and W respectively where each a; and Pj are super row 
vectors in V and W respectively; 1 < i < n and 1 < j < m. For 
each pair of integers (p i5 q, ) with 1 < p, < m, and 1 < q, < n,; i =1 , 
2, k. 

We define a linear transformation 



E Pi ' q ‘(a t ) 



JO if t ^ qj 

| p Pi if t = q. 



= 5 t P fori= 1,2,3, ..., k. 

qj t i 



Thus E p,q = [E p " qi | ... | E Pk,qt ] e SL(V, W). E p ’ q is a linear 
transformation from V into W. From earlier results each E Pi ,qi is 
unique so E p,q is unique and by properties for vector spaces that 
the mini transformations E Pi ’ qi form a basis for L(Ai, Bp. So 
dimension of SL(V, W) is m^i + . . . + m k n k . 

Now we proceed on to define the new notion of linear operator 
on a super vector space V i.e., a linear transformation from V 
into V. 

DEFINITION 1.3.5: Let V = {(A 2 I ... I A k ) I A/ is a row vector 
with entries from a field F with number of elements in A, to be 
n,; i = 1, 2, k} - {(x 2 I ... I ... I ... I x n ) I x t eF; i = 1, 2, 
n}; k <n and «/ + ... + n k = n; be a super vector space over the 
field F. A linear transformation T = (Tj I T 2 I ... I Tf) from V 
into V is called the linear operator on V. 

Let SL(V, V) denote the set of all linear operators from V to V, 
the dimension of SL(V, V) = nf + ... + n 2 k <n 2 . 



66 




LEMMA 1.3.1: Let V be a super vector space over the field F, let 
U[ T’ and T° be linear operators on V; let c be an element of 

F. 



(a) ru s = Iff = u s 

(b) u’(t’+t’)=u t; + u s t: ; 

(T’ +T’)U S =T‘U’ +T‘U’ 

(c) c(U% s ) = (cU s )T l s = U(cT‘). 



Proof: Given V = {(Ai | ... | A k ) | A, are row vectors with 
entries from the field F}. Let U s = (Ui | ... | U k ), 
T 1 s =(T 1 1 |...|T k ) and T 2 S = (T 2 * | . . . | T 2 k ) and I s = (L | ... | I k ) (I = 
I s = I s , the identity operator) be linear operators from V into V. 
Now 

IU S = (Ii I ... I I k ) (Ui I ... I U k ) 

= (IiUj I ... I I k Uk) 

= (Ujl, I ... I U k I k ) 

= (Ui | ... | U k ) (Ii 1 1 2 1 ... | I k ). 

U s (T 2 s +T 2 s ) 

= (Uj | ... | U k )[(T 2 | ... | T k ) + (T‘|...|T k )] 

- [Uj (T, 1 + T 2 ) | . . . | U k (T k + T k )] 

- [(UjT/ + Uj T 2 ) | . . . | U k T k + U k T k ] 

- (UjT/ | ... | U k T k ) + (UjT 2 | ... | U k T k ) 

= u s t; + u s t 2 s . 

On similar lines one can prove (Tj S + T 9 S ) U s = T, S U S + T 2 S U S . 

(c) To prove c(U s T, s ) 

= (cU s )(T 1 s ) = U s (cT 1 s ). 
i e., c[(Uj | - - - 1 U k ) (T/ | . . . | T k )] 
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= c(U 1 T/|...|U k T I k ) = c(U 1 T 1 '|...|cU k T k ). 

Now 

(cU s )Tj S = (cUj | ... | (cU k ) (Tj l | . . . | T k ) = (c.U^ 1 . . . | cU k T k ] 



So 



... i 



Consider 



U’(cT') - (Uj | ... | U k ) (cT/ | ... | cT k ) 

- (UjCjT, 1 | ... | Uc k T k ) 

- (cUjTj 1 | ... | cU k T k ) ; 

from I we see 

c(U s T, s ) = c(U s )T; = U s (cT, s ) . 



We call SL(V, V) a super linear algebra. However we will 
define this concept elaborately. 

Example 1.3.11: Let V = {(xi x 2 x 3 | x 4 | x 5 x 6 | x 7 x 8 ) | x ; e Q; 1 
< i < 8} be a super vector space over Q. Let SL(V, V) denote 
the collection of all linear operators from V into V. 

We see the super dimension of SL(V, V) is 18, not 64 as in 
case of L(V b Vi) where Vi = {(x b ..., x 8 ) | x ; e Q; 1 < i < 8} is 
a vector space over Q of dimension 8. When V is a super vector 
space of natural dimension 8 but SL(V, V) is of dimension 18. 

These concepts now leads us to define the notion of general 
super vector spaces. For all the while we were only defining 
super vector spaces specifically only when the elements were 
super row vectors or super matrices and we have only studied 
their properties now we proceed on to define the notion of 
general super vector spaces. 

The super vector spaces using super row vectors and super 
matrices were first introduced mainly to make the reader how 
they function. The functioning of them was also illustrated by 
examples and further many of the properties were derived when 
the super vector spaces were formed using the super row 
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vectors. However when the problem of linear transformation of 
super vector spaces was to be carried out one faced with some 
simple problems however one can also define linear 
transformation of super vector spaces by not disturbing the 
partitions or by preserving the partition but the elements with in 
the partition which are distinct had to be changed or defined 
depending on the elements in the partitions of the range space. 

However the way of defining them in case of super row vectors 
remain the same only changes come when we want to speak of 
SL(V, W) and SL(V, V). 

They are super vector spaces in that case how the elements 
should look like only at this point we have to make necessary 
changes, with which the super vector space status is maintained 
however it affects the natural dimension which have to be 
explained. 

DEFINITION 1.3.6: Let Vi, ..., V„ be n vector spaces of finite 
dimensions defined over a field F. V - (Vi I V 2 I ... I ... I V„) is 
called the super vector space over F. Since we know if V, is any 
vector space over F of dimension say n, then V = F n ‘ . = j (xj, 
..., x n ); x, € F; 1 < i< nj Thus any vector space of any finite 

dimension can always be realized as a row vector with the 
number of elements in that row vector being the dimension of 
the vector space under consideration. Thus ifni, ..., n„ are the 
dimensions of vector spaces Vj, ..., V n over the field F then V = 
(F"‘ I F" 2 I...IF"" ) which is a collection of super row vectors, 
hence V is nothing but a super vector space over F. 

Thus this definition is in keeping with the definition of super 
vector spaces. 

Thus without loss of generality we will for the convenience 
of notations identify a super vector space elements only by a 
super row vector. 

Now we can give examples of a super vector spaces. 
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DEFINITION 1.3.7: Let V = (Vj I ... I V„) be a super vector space 
over the field F. Let n, be the dimension of the vector space V, 
over F, i = 1, 2, ..., n; then the dimension of V is n / + ... + 
we call this as the natural dimension of the super vector space 
V. Thus ifV = (Vi I ... I V„) is a super vector space of dimension 
iii + ... + n„ over the field F, then we can say V -(F"' I...I F n " ). 

Example 1.3.12: Let V = (Vi | V 2 | V 3 ) be a super vector space 
over Q, where Vi = {set of all 2 x 2 matrices with entries from 
Q}. Vi is a vector space of dimension 4 over Q. 

V 2 = {All polynomials of degree less than or equal to 5 with 
coefficients from Q}; V 2 is a vector space of dimension 6 over 
Q and V 3 = {set of all 3 x 4 matrices with entries from Q}; V 3 is 
a vector space of dimension 12 over Q. Clearly 

V = (Vi|V 2 |V 3 ) = (Q 4 |Q 5 |Q 6 ) 

= {( X l X 2 X 3 X 4 I X 5 ••• X 10 I X 11 ••• x 22 )l x i G Q | 1 < i < 22 } 

is nothing but a collection of super row vectors, with natural 
dimension 22 . 

Now we proceed on to give a representation of 
transformations from finite dimensional super vector space V 
into W by super matrices. 

Let V be a super vector space of natural dimension n given 
by V = {(Ai | ... | A k ) | A; is a row vector with entries from the 
field F of length n ; ; i = 1, 2, ..., k and ni + n 2 + . . . + n k = n}and 
let W = {(B! | ... | B k ) | B; is a row vector with entries from the 
field F of length m i5 i = 1, 2, ..., k and m; + ... + m k = m}, 
where W is a super vector space of natural dimension m over F. 

Let B = {oti, ..., a n } be a basis for V where oq is a super 
row vector and B' = {p l5 ..., |3 m } be a basis for W where is a 
super row vector. Let T s be any linear transformation from V 
into W, then T s is determined by its action on the super vectors 
otj each of the n super vectors T s a, is uniquely expressible as a 

m 

linear combination T s otj = ^ A i| {j | 

i=l 

HereT s = (Ti ... T k ), k<n. 
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(TiCtj | . . . | T.cij) = 



of the 



^ rri] m k ^ 

Xa::(U- </ 

V i=i i=i 

super row vector p ; ; 1 < i < m; the scalars A”' . . . A V being the 

coordinates of Tiaj in the ordered basis B'; true for i = 1, 2, 
k. Thus the transformation T ; is determined by the n^n; scalars 
A" 1 . The m ; x n ; matrix A 1 defined by A (i, j) = A“‘ is called 

the matrix of Tj relative to the pair in ordered basis B and B'. 
This is true for every i. 

Thus the transformation super matrix is a m x n super 
matrix A given by 



A 1 

rri|Xn, 


0 


0 


0 


0 


A 2 

m 2 xn 2 


0 


0 


0 


0 




0 


0 


0 


0 


A k 

m k xn k 



With this related super matrix with entries from the field F; 
one can understand how the transformation takes place. 

This will be explicitly described by examples. Clearly the 
natural order of this m x n matrix is m„ x ni + . . . + m k x n k . 

Example 1..3.13: Let 

V = {(x I x 2 X 3 |x 4 x 5 |x 6 x 7 x 8 x 9 )|Xj g Q| 1 <i <9} 
be a super vector space over Q. 

W = {(x, x 2 | x 3 x 4 x 5 | x 6 x 7 ) |Xj e Q | 1 < i < 7} be a 
super vector space over Q. 

Let SL(V, W) denote the set of all linear transformations 
from V into W. 

Consider the 7x9 super matrix 
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1 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


2 


0 


0 


0 


0 


0 


0 


0 ~ 


0 


0 


2 


1 


0 


0 


0 


~0 


0 


0 


0 


0 


-1 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 ~ 


0 


0 


0 


0 


1 


0 


1 


~0 


0 


0 


0 


0 


0 


0 


2 


0 


1 



gives the associated linear transformation 
T s ( Xl x 2 x 3 |x 4 x 5 |x 6 x 7 x 8 x 9 ) 

= (Ti | T 2 | T 3 ) [Xj x 2 Xj| x 4 x 5 | x 6 x 7 x 8 x 9 ] 

= [T, (x, x 2 x 3 )| T 2 (x 4 x s ) |T 3 (x 6 x 7 x 8 x,)] 

= [x ls x 2 + 2 x 3 | 2x 4 + x 5 , -x 5 , x 5 1 x 6 + x 8 , 2x 7 + x 9 ] e W. 

Thus we see as incase of usual vector spaces to every linear 
transformation from V into W, we have an associated super 
matrix whose non diagonal terms are zero and diagonal matrices 
give the components of the transformation T s . Here also Y is 
put in the super vector for the readers to understand the 
transformation, by a default of notation. 

We give yet another example so that the reader does not 
find it very difficult to understand when this notion is described 
abstractly. 

Example 1.3.14: Let 

V - {(x, x 2 I x 3 x 4 I x 5 x 6 x 7 I X 8 x 9 )|Xj eQ; 1 <i < 9} 
be a super vector space over Q and 

W = {(x t x 2 x 3 I x 4 I x 5 x 6 x 7 I x 8 x 9 x l0 ) I x, e Q; l < i < 10} 
be another super vector over Q. Let SL (V, W) be the super 
vector space over Q. 
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Consider the 10x9 super matrix 



1 


0 


0 


0 


0 


0 


0 


0 


0 


1 


2 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 


0 


0 


o~ 


0 


1 


-1 


0 


0 


0 


0 


~0 


o~ 


0 


0 


0 


1 


0 


-1 


0 


~~o 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 


0 


0 


0 


1 


1 


0 


0 


o~ 


0 


0 


0 


0 


0 


0 


1 


~T 


0 


0 


0 


0 


0 


0 


0 


0 


1 


0 


0 


0 


0 


0 


0 


0 


1 


0 



The transformation T s : V — > W associated with A is given by 

T s ( X 1 X 2 I X 3 X 4 I X 5 X 6 X 7 I X 8 X 9 ) 

= (x 15 1 + 2x 2 , x 2 I x 3 -x 4 I x 5 -x 7 , x 6 , X 6 + x 7 I x 8 + x 9 , x 9 , x 8 ). 
Thus to every linear transformation T s of V into W we have a 
super matrix associated with it and conversely with every 
appropriate super matrix A we have a linear transformation T s 
associated with it. 

Thus SL (V, W) can be described as 




73 





such that a ; e Q; 1 < i < 23}. 

Thus the dimension of SL( V, W) is3x2+lx2 + 3x3 + 3x2 
= 6 + 2 + 9 + 6 = 23. 

Now we give the general working for the fact SL (V,W) is 
isomorphic to diagonal m x n super matrices. Before we go for 
deep analysis we just give a few examples of what we mean by 
a super diagonal matrix. 

Example 1.3.15: Let 



8 1 
6 7 


0 


0 


\ 

0 


0 


5 6 


0 


0 


0 


0 


7 1 0 

6 8-1 


0 


0 


0 


0 


3 1 
6 7 
6 0 

/ 



be a 8 x 9 super matrix. 

We call A the super diagonal matrix as only the diagonal 
matrices are non zero and rest of the matrices and zero. It is 
important to mention here that in a super diagonal matrix we do 
not need the super matrix to be a square matrix; it can be any 
matrix expect a super row matrix or super column matrix. 



Thus we can say if A = 



A„ 


A[2 




A ln 


A 2 i 


A-22 




A 2n 










A nl 


A n2 




Ann 
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where Ay are simple matrices we say A is a super diagonal 
matrix if An, A22, . A nn are non zero matrices and Ay is a zero 
matrix if i ^ j . 

The only demand we place is that the number of row partitions 
of A is equal to the number of column partitions of A. 

Example 1.3.16: Let A be a super diagonal matrix given by 
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We see Aisal0xl3 matrix which is a super diagonal matrix. 
Only the number of row partitions equals to the number of 
column partitions equal to 4. 



Theorem 1.3.5: Let V = {(xj X 2 I ... I ... I x t ... x n ) = (A k I ... I 
A k ) I Xj £ F and A, is a row vector with entries from the field F; 
1 <i <n and 1 <t <k; k <n} be a super vector space over F. 

Let W = {(xj x 2 ! ... | ... | ... | x t ... x n ) = (B ! | ... | B k ) | x ; e F 
and Bj is a row vector with entries from the field F with 1 < i 
< m and k < m 1 < t < k} be a super vector space of same type 
as V. Let SL (V, W) be the collection of all linear 
transformations from V into W, SL (V, W) is a super vector 
space over F and for a set of basis B = {a l5 ..., a n }and B 1 = {[^ 
, ..., p m } of V and W respectively. For each linear 
transformation T s from V into W there is a m x n super diagonal 
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matrix A with entries from F such that T s — > A is a one to one 
correspondence between the set of all linear transformations 
from V into W and the set of all m x n super diagonal matrices 
over the field F. 

Proof: The super diagonal matrix A associated with T s is called 
the super diagonal matrix of T s relative to the basis B and B 1 . 
We know T s : (Ai | . . . | A k ) (Bi | . . . | B k ) where T s = (Ti | ... | 
T k ) and each T k is a linear transformation from A ; — > B, where 
A; is of dimension n ; and B ; is of dimension m^ i = 1,2, . . ., k. 

So we have matrix M‘ = [T i a j ] [C . ] ; j = 1, 2, ..., n^ C, a 

component basis from B 1 ; this is true for i = 1,2, . . ., k. 

So for any T s = (Ti | ... T k ) and U s = (Ui | ... U k ) in SL (V, 
W), cT s + U s is SL(V, W) for any scalar c in F . 

Now T; : V — » W is such that TfAj) = (0) if i ^ j and T,(A;) = B; 
and this is true for i = 1,2, . . ., k. 

Thus the related matrix of T s is a super diagonal matrix where 



r(M,) mixni 


0 
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(M 2 )m 2 xn 2 
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0 
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0 

V 


0 


0 


(M k )m k xn k ^ 



Thus M, is a m, x mj matrix associated with the linear 
transformation T;: A! — > B; true for i = 1, 2, ..., k. Flence the 
claim. Likewise we can say that in case of a super vector space 
V = {(xj . . . | . . . | . . . | x t . . . x n ) | Xj e F, F a field; 1 < i < n} = 
{(Ai | ... | A k ) | A ; row vectors with entries from the field F;l< 
i < k}over F. We have SL (V, V) is such that there is a one to 
one correspondence between the n x n super diagonal square 
matrix with entries from F i.e., SL(V, V) is also a super vector 
space over F. Further the marked difference between SL(V, W) 
and SL (V, V) is that SL (V, W) is isomoiphic to class of all m 
x n rectangular super diagonal matrices with entries from F and 
the diagonal matrices of these super diagonal matrices need not 
be square matrices but in case of the super vector space SL (V, 
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V), we have this space to be isomoiphic to the collection of all n 
x n super square diagonal matrices where each of the diagonal 
matrices are also square matrices. 

We will illustrate this situation by a simple example. 

Example 1.3.17: Let 

V = {(x, x 2 x 3 x 4 I x 5 x 6 | x 7 x 8 x 9 | x 10 ) I X, e Q; 1 < i < 10} 
be a super vector space over Q. 

Let SL (V, V) denote the set of all linear operators from V 
into V. Let T s be a linear operator on V. Then let A be the super 
diagonal square matrix associated with T s , 



1 


0 


1 


1 


0 


0 


0 


0 


0 


0 


0 


i 


1 


0 


0 


0 


0 


0 


0 


0 


1 


0 


0 


1 


0 


0 


0 


0 


0 


0 


1 


0 


1 


0 


0 


0 


0 


0 


0 


0 


0~ 


0 


0 


0 


1 


5 


0 


0 


0 


~0 


0 


0 


0 


0 


0 


2 


0 


0 


0 


0 


o~ 


0 


0 


0 


0 


0 


1 


0 


2 


~0 


0 


0 


0 


0 


0 


0 


0 


1 


2 


0 


0 


0 


0 


0 


0 


0 


2 


0 


1 


0 


o~ 


0 


0 


0 


0 


0 


0 


0 


0 


1 



Clearly A is a 10 xlO super square matrix. The diagonal 
matrices are also square matrices. 

Now T s (Xj x 2 x 3 x 4 | x 5 x 6 | x 7 Xg x 9 | x 10 ) 

= (Xj + x 3 + x 4 , x 2 + x 3 , X; + x 4 , Xj + x 3 I x 5 + 5x 6 , 2x 6 | 
x 7 +2x 9 , x g +2x 9 , 2x 7 +x 9 | 3x l0 ) e V. 

Thus we see in case of linear operators T s of super vector spaces 
the associated super matrices of T s is a square super diagonal 
matrix whose diagonal matrices are also square matrices. 
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We give yet another example before we proceed on to work 
with more properties. 



Example 1.3.18: Let 

V = (x,x 2 1 x 3 x 4 x 5 I x 6 x 7 1 x 8 x 9 I X 10 x u x 12 ) I x, g Q; 1 < i < 12} 
be a super vector space over Q. V = {(A, A 2 | A 3 | A 4 | A 5 ) | A; 
are row vectors with entries from Q; 1 < i < 5}. Let us consider 
a super diagonal 12x12 square matrix A with (2 x 2, 3 x 3, 2 x 
2, 2 x 2, 3 x 3) ordered diagonal matrices with entries from Q. 
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The linear transformation associated with A is given by 

T s (XjX 2 | x 3 x 4 x 5 | x 6 x 7 1 x 8 x 9 1 x 10 x n x 12 ) = 

(Xj +x 2 , 2Xj +x 2 1 x 3 +2x 4 , 3x 3 + x 5 , x 4 -4x s | 2x 6 , x 6 + 5x 7 
x 8 + 2x 9 , 2x 8 + x 9 1 x l0 +2x n + 3x 12 , 3x 10 + x u +2x 12 , 2x 10 + 

3xn + xi 2 ). 

Thus we can say given an appropriate super diagonal square 
matrix with entries from Q we have a linear transformation T s 
from V into V and conversely given any T s g SL( V, V) we have 
a square super diagonal matrix associated with it. Hence we can 
say SL(V, V) = 
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such that a ; e Q; 1 < i < 30}. 

We see the dimension of SL (V, V) = 2 2 + 3 2 + 2 2 + 2 2 + 3 2 = 
30. 

Thus we can say if V = {(Ai | | Ak) | A; is a row vector with 

entries from a field F and each A; is of length n ; , 1< i < k}; V is 
a super vector space over F; then if T s s SL(V, V) then we have 
an associated A, where A is a (ni + n 2 + . . . + n k ) x (ni + n 2 + . . . 

+ n k ) square diagonal matrix and dimension of SL (V, V) is 

2 2 2 

n, +n 2 + ... + n k . 

i.e., 
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Now we define when is a linear operator from V into V 
invertible before we proceed onto define the notion of super 
linear algebras. 

DEFINITION 1.3.8: Let V = ((A/ I ... I A k ) I A, are row vectors 
with entries from the field F with length of each A, to be n,; i = 
1, 2, ..., kj be a super vector space over F of dimension n t + ... 
+ n k = n. Let T s : V—>V be a linear operator on V. We say T s 
' I | ... | T k ) is invertible if their exists a linear operator U s from 
V into V such that UT is the identity function of V and TU is 
also the iden tity function on V. 

IfT s = (Tj\... I T k ) is invertible implies each T, : A, —> A, is 
also invertible and U s = (Uj I ... I U k ) is denoted by 
Tf 1 = (Tf 1 | ... | Tf l ) . 

Thus we can say T s is invertible if and only if T s is one to 
one i.e., T s a = T s j3 implies a - fi 

T s is onto that is range ofT s is all of V. 

Now if T s is an invertible linear operator on V and if A is the 
associated square super diagonal matrix with entries from F then 
each of the diagonal matrix M b .... M k are invertible matrices 
i.e., if 
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then each M, is an invertible matrix. So we say A is also an 
invertible super square diagonal matrix. 

It is pertinent to make a mention here that every T s in SL(V, 
V) need not be an invertible linear transformation from V into 
V. 

Now we proceed on to define the notion of super linear algebra. 
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1.4 Super linear Algebra 



In this section for the first time we define the notion of super 
linear algebra and give some of its properties. 

DEFINITION 1.4.1: Let V - (Vi I ... I V„) be a super vector space 
over a field F. We say V is a super linear algebra over F if and 
only if for every pair of super row vectors a, ft in V the product 
of a and ft denoted by aft is defined in V in such a way that 

(a) multiplication of super vector in V is associative i.e., if 
a, ft and y g V then a(fty) = ( aft)y. 

( b) multiplication is distributive (a + ft) y - ay + fty 
and a(ft+y) = aft + ay for every a, ft, y g V. 

(c) for each scalar c in F c( aft) = ( ca)ft = a< eft). 

If there is an element 1 in V such that l e a = al e for every a g 
V we call the super linear algebra V to be a super linear 
algebra with identity over F. The super linear algebra V is 
called commutative if aft = ftafor all a and ft in V. 

We give examples of super linear algebras. 

Example 1.4.1: Let 

V - {(XjX 2 | x 3 x 4 x 5 | x 6 ) X; e Q; 1 < i < 6} 

be a super vector space over Q. Define for a, |3 e V; 

a = (x,x 2 | x 3 x 4 x 5 | x 6 ) 

and 

P = (yiy 2 1 y3y 4 y 5 1 y 6 )> 

ap - (x iyi x 2 y 2 | x 3 y 3 x 4 y 4 x 5 y 5 | x 6 y 6 ). 
where x i; yj e Q; 1 < i, j < 6. 

Clearly a|3 e V; so V is a super linear algebra, it can be easily 
checked that the product is associative. Also it is easily verified 
the operation is distributive a(P + y) = a,p + ay and (a + P) y = 
ay + Py for all a, p, y e V. 

This V is a super linear algebra. Now the very natural question 
is that, “is every super vector space a super linear algebra?” The 
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truth is as in case of usual linear algebra, every super linear 
algebra is a super vector space but in general every super vector 
space need not be a super linear algebra. 



We prove this only by examples. 



V = 



IV 



2; 


Let 
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a, eQj 1 < i < 1 5 



Clearly V is a super vector space over Q but is not a super linear 
algebra. 



Example 1.4.3 : Let 
17 



V = 
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a, e Q; 1 < i < 9} ; 



V is a super vector space over Q. V is a super linear algebra for 
multiplication is defined in V. Let 
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Now we have seen that in general all super vector spaces need 
not be super linear algebras. 

We proceed on to define the notion of super characteristic 
values or we may call it as characteristic super values. We have 
also just now seen that the collection of all linear operators of a 
super vector space to itself is a super linear algebra. 

DEFINITION 1.4.2: Let V = {(A/ I ... I A k ) I A/ are row vectors 
with entries from afield Fj and let T s be a linear operator on V. 

i.e., T s : V->Vi.e., T s : (A, I ... I A k ) ->(Aj I ... I A k ) 

i.e., T - T s = (Tj I ... I T k ) with 7j: A, —> A i = 1, 2, ..., k. A 
characteristic super value is c - (cic 2 ... c k ) in F (i.e., each c, 

F) such that there is a non zero super vector a in V with Ta - 
cai.e., TiOti = c,a h a, eA/ true for each i. 



i.e., Ta = ca. 

i.e., (T,ai I ... I T k a k ) = (ciaj I ... I c k a k ). 



The k- tuple (ci ... c k ) is a characteristic super value ofT - (T i I 

... I TO, 



(a) We have for any a such that Ta - ca, then a is called 
the characteristic super vector of T associated with the 
characteristic super value c - (cj, ..., c k ) 

(b) The collection of all super vectors a such that Ta - ca 
is called the characteristic super vector space 
associated with c. 

Characteristic super values are often called characteristic 
super vectors, latent super roots, eigen super values, proper 
super values or spectral super values. 

We shall use in this book mainly the terminology characteristic 
super values. 

It is left as an exercise for the reader to prove later. 
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THEOREM 1.4.1: Let T s be a linear operator on a finite 
dimensional super vector space V and let c be a scalar of n 
tuple. Then the following are equivalen t. 

i. c is a characteristic super value ofT s 

ii. The operator (T - cl) is singular. 

Hi. det (T s - cl) = (0). 

We now proceed on to define characteristic super values and 
characteristic super vectors for any square super diagonal matrix 
A. We cannot as in case of other matrices define the notion of 
characteristic super values of any square super matrix as at the 
first instance we do not have the definition of determinant in 
case of super matrices. As the concept of characteristic values 
are defined in terms of the determinant of matrices so also the 
characteristic super values can only be defined in terms of the 
determinant of super matrices. So we just define the determinant 
value in case of only square super diagonal matrix whose 
diagonal elements are also squares. 

We first give one or two examples of square super diagonal 
matrix. 

Example 1.4.4: Let A be a square super diagonal matrix where 
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This is a square super diagonal matrix whose diagonal terms 
are not square matrices. So for such type of matrices we cannot 
define the notion of determinant of A. 

Example 1.4.5: Consider the super square diagonal matrix A 
given by 
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Clearly A is the square super diagonal matrix which 
diagonal elements are also square matrices, these super matrices 
we venture to define as square super square diagonal matrix or 
strong square super diagonal matrix. 

Example 1.4.6: Let Abeal0xl2 super diagonal matrix. 
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We see the diagonal elements are not square matrices hence 
A is not a square matrix but yet A is a super diagonal matrix. 
Thus unlike in usual matrices where we cannot define the notion 
of diagonal if the matrix is not a square matrix in case of super 
matrices which are not square super matrices we can define the 
concept of super diagonal even if the super matrix is not a 
square matrix. 

So we can call a rectangular super matrix to be a super 
diagonal matrix if in that super matrix all submatrices are zero 
except the diagonal matrices. 

Example 1.4.7: Let A be a square super diagonal matrix given 
below 
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This super square matrix A is a diagonal super square 
matrix as the main diagonal are matrices. Hence A is only a 
super square diagonal matrix but is not a super square diagonal 
square matrix as the diagonal matrices are not square matrices. 

DEFINITION 1.4.2: Let A be a square super diagonal matrix 
whose diagonal matrices are also square matrices then the 
super determinant of A is defined as 



IAJ 


0 


0 


0 


0 


0 


0 


A 2 


0 


0 


0 


0 


0 


0 


|A 3 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


0 


A n _, 


0 


0 


0 


0 


0 


0 


A„ 



= (| Aj |, | A 2 1*..., | A n |). 
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where each submatrix A, of A is a square matrix and IA,I 
denotes the determinant of A it i = 1, 2, ..., n. 



Example 1.4.8: Let A be a super square diagonal matrix; 



2 1 
0 1 


0 


0 


0 


0 


3 1 2 
0 0 1 
1 2 0 


0 


0 


0 


0 


3 1 
0 1 


0 


0 


0 


0 


0 12 0 
0 0 3 4 
0 10 0 
10 0 0 



Now the super determinant of 



A = |A| 



2 1 
0 1 



3 1 2 
0 0 1 
1 2 0 



3 1 
0 1 



0 


1 


2 


0 




0 


0 


3 


4 




0 


1 


0 


0 




1 


0 


0 


0 





= [ 2 | -5 | 3 | -8 |]. 



We see the resultant is a super vector. Thus the super 
determinant of a square super diagonal square matrix which we 
define as a super determinant is always a super vector. Further if 
the square super diagonal matrix has n components then we 
have the super determinant to have a super row vector with n 
partition and the natural length of the super vector is also n. 




Thus the super determinant of a super matrix is defined if 
and only if the super matrix is a square super diagonal square 
matrix. 

Now having defined the determinant of a square super 
diagonal matrix, we proceed on to define super characteristic 
value associated with a square super diagonal square matrix. At 
this point it has become pertinent to mention here that all linear 
operators T s can be associated with a super matrix A, where A is 
a super square diagonal square matrix. 

Now we first illustrate it by an example. We have already 
defined the notion of super polynomial p(x) = [pi(x) | p 2 (x) | . . . 
Pn(x)]. 

Now we will be making use of this definition also. 

Example 1.4.9: Let V = {(Q[x] | Q[x] | Q[x] | Q[x]) | Q[x] are 
polynomials with coefficients from the rational field Q}. V is a 
super vector space of infinite dimension called the super vector 
space of polynomials of infinite dimension over Q. Any element 
p(x) = ( p 1 (x ) | p 2 (x) | p 3 (x) | p 4 (x)) such pi(x) g Q[x]; 1 < i < 4 or 
more non abstractly p(x) = [x 3 +l | 2x 2 - 3x+l | 5x 7 + 3x 2 + 3x + 
1 | x 5 - 2x + 1] g V is a super polynomial of V. 

This polynomial p(x) can also be given the super row vector 
representation by p(x) = (1 0 0 1 | 1 —3 2|13300005|1 —2 0 
0 0 1 ], 

Here it is pertinent to mention that the super row vectors 
will not be of the same type. Still in interesting to note that V = 
{(Q[x] | ... | Q[x]) | Q[x] are polynomial rings} over the field Q 
is a super linear algebra, for if p(x) = (pi(x) | . . . | p n (x)) and q(x) 
= (qi (x) | ■■■ | q„(x)) g V then p(x) q(x) = (pi(x) q,(x) | ... 
p n (x)q„(x)) g V. 

Thus the super vector space of polynomials of infinite 
dimension is a super linear algebra over the field over which 
they are defined. 

Example 1.4.10: Let 

V = {(Q 5 [x] | Q 3 [x] | Q 6 [x] | Q 2 [x] | Q 3 [x]) | Q'[x] 
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is a polynomial of degree less than or equal i; i = 3, 5, 6 and 2}, 
V is a super vector space over Q and V is a finite dimensional 
super vector space over Q. 

For the dimension ofVis6 + 4 + 7 + 3 + 4 = 24. Thus 

V = {( Xl X 2 X 3 X 4 X 5 X 6 I X 7 x 8 x 9 x 10 1 X n x 12 x 13 x 14 x 15 x 16 x 17 
X 18 X 19 X 20 I X 21 X 22 X 23 X 2 4 ) | X, £ Qj 1 < i < 24} 

is a super vector space of dimension 24 over Q. 

Clearly V is a super vector space of super polynomials of 
finite degree. Further V is not a super linear algebra. 

So any element p(x) = {(x 3 +l | x 2 +4 | x 5 +3x 4 + x 2 +l | x+1 
x 2 +3x-1)} = (1 0 0 1 | 4 0 1 | 1 0 1 0 3 1 | 1 1 | -1 3 1) is the 
super row vector representation of p(x). 

Flow having illustrated by example the super determinant and 
super polynomials now we proceed on to define the notion of 
super characteristic values and super characteristic polynomial 
associated with a square super diagonal square matrix with 
entries from a field F. 

Definition 1.4.4: Let 




be a square super diagonal square matrix with entries from a 
field F, where each A,- is also a square matrix i = 1, 2, ..., n. A 
super characteristic value of A or characteristic super value of 
A (both mean the same) in F is a scalar n-tuple c = (cj I ... I c„) 
in F such that the super matrix I A — cl I is singular ie non 
invertible ie [A - cl] is again a square super diagonal super 
square matrix given as follows. 
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where c = (cj I ... I c„) as mentioned earlier C; e F; I < i < n. c 
is the super characteristic value of A if and only if super det (A— 
cl) = (det (Aj-cJ) I ... I det (A„-c„I)) 

= (0101... I 0) or equivalently if and only of super det [cl -A] 
- (det (Aj - cjl) I ... I det (A„ - c„I)) - (0 I ... I 0), we form the 
super matrix (xI-A) - ((xl - Aj) I ... I (xl - A,,)) with super 
polynomial entries and consider the super polynomial f = det 
(xl -A) = (det (xl - Ai) I ... I det (xl -A,,)) = f/; I ... \f,]. 

Clearly the characteristic super value of A in F are just the 
super scalars c in F such thatfic) - (fi(cj) \f 2 (c 2 ) I ... I f,(c„)) - 
(0 I ... I 0). For this reason f is called the super characteristic 
polynomial (characteristic super polynomial) of A. It is 
important to note that f is a super monic polynomial which has 
super deg exactly ( n / I ... I n„) where n, is the order of the 
square matrix A, of A for i = 1, 2, .... n. 

We say a super polynomial p(x) = [pi(x) ... p n (x)] to be a 
super monic polynomial if every polynomial p,(x) of p (x) is 
monic for i = 1,2, ..., n. 



Based on this we can define the new notion of similarly square 
super diagonal square matrices. 

DEFINITION 1.4.5: Let A be a square super diagonal square 
matrix with entries from afield F. 
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where each A, is a square matrix of order n ,• x m, i = 1, 2, n. 
Let B be another square super diagonal square matrix of same 
order ie let 



B, 


0 




0 


0 


b 2 




0 










0 


0 




B n 



where each B, is a n, xiii matrix for i = 1, 2, n. 

We say A and B are similar super matrices if there exists an 
invertible square super diagonal square matrix P; 



Pi 


0 




0 


0 


p 2 




0 










0 


0 




p„ 



where each P, is a n; x n, matrix for i = 1,2, . . n such that each 
Pi is invertible i.e., P” 1 exists for each i = 1, 2, ..., n; and is such 
that 



B = F‘AP 



pr 1 


0 




0 


0 


p-i 

r 2 




0 










0 






p; 1 



A, 


0 




0 


0 


a 2 




0 










0 






A„ 



P, 


0 




0 


0 


p 2 




0 










0 






p„ 
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B, 


0 




0 


0 


b 2 




0 










0 






B n 



pr'A.p, 


0 




0 


0 


p;'a 2 p 2 




0 










0 






p;‘A„p n 



If B = P' 1 A P then super determinant of (xl - B) 

= super determinant of (xl - P _1 A P) i.e., (det (xI-Bj) | ... | det 
(xl - B n )) 

= (det (xl - P, 1 A,P, ) | ... | det (xl - P; 1 A n P n )) 

= (det(P 1 1 (xl A, )P,) . . . | det P n 1 (xl - A n )P n ) 

= (det Pj" 1 det (xl — Aj ) det P x | | det P” 1 det (xl - A n ) det P n ) 

= (det (xl - Aj ) | ... | det (xl - A n )) . 

Thus this result enables one to define the characteristic super 
polynomial of the operator T s as the characteristic super 
polynomial of any (ni x nj | . . . | n„ x n n ) square super diagonal 
square matrix which represents T s in some super basis for V. 

Just as for square super diagonal matrices the characteristic 
super values of T s will be the roots of the characteristic super 
polynomial for T s . In particular this shows us that T s cannot 
have more than ni + . . . + n„ characteristic super values. 

It is pertinent to point out that T s may not have any super 
characteristic values. This is shown by the following example. 
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Example 1.4.11: Let T s be a linear operator on V = {(xix 2 | x 3 x 4 
| x 5 x 6 ) | X; e Q; 1 < i < 6} the super vector space over Q, which 
is represented by a square super diagonal square matrix 

0 -1 0 0 0 0 

1 0 0 0 0 0 

0 0 0 -1 0 0 

0 0 1 0 0 0 

0 0 0 0 0 I 

0 0 0 0 -1 0 

The characteristic super polynomial for T s or for A is super 
determinant of 

x 1 0 0 0 0 

-1 x 0 0 0 0 

0 0 X T”o 0 

0 0-1x0 0 

0 0 0 0~ X -1 

0 0 0 0 1 X 

i.e., super det (xl - A) = [x 2 +l | x 2 +l | x 2 +l]. 

This super polynomial has no real roots, T s has no characteristic 
super values. 

Now we proceed on to discuss about when a super linear 
operator T s on a finite dimensional super vector space V is super 
diagonalizable. 

DEFINITION 1.4.6: Let V - (Vj I ... I V„) be a super vector space 
over the field F of super dimension (n/ I ... I n„), ie each vector- 
space Vj over the field F is of dimension n ,• over F, i = 1, 2, ..., 
n. We say a linear operator T s on V is super diagonalizable if 
there is a super basis for V, each super vector of which is a 
characteristic super vector of T s . 



(xl - A) = 
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Recall as in case of usual matrices or usual linear operators 
of a vector space we in case of super vector spaces using a 
linear operator T s = (T| | ... | T n ) on V, to have the characteristic 
super vector a = (ai | ... | a n ) as the characteristic super vector, 
if T s a = ca i.e., (Tiai | ... |T n a n ) = (ciai | ... | c n a n ) where c = 
(ci | ... | c n )) is the characteristic super value associated with T s . 



If the super characteristic value are denoted by 

( C ;... c rMc‘... c ?i...|c‘...o 

and for a super basis 

B= (a[ . . . |...|al ... 

for V. 

T s a = ca i.e., T, a‘ t = c*a‘ t 
for t = 1, 2, ..., n ; and i = 1, 2, ..., n. 




We certainly require the super scalars 

[c|cf ...cf ic;...c " 2 |...| C ‘ ...c:-] 
must be distinct for i = 1,2, . . ., n. 
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